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Fabry-Pérot interferometers. (c) Schematic representation of the experimental setup.

11

(a) In the weak excitation regime, the power spectrum appears as a
δ-function-like peak at the laser frequency. (b) In the strong excitation
regime, transitions between subsequent manifolds in the dressed-state
ladder lead to the Mollow triplet.

12

Schematic diagram of Hanbury Brown and Twiss setup for the measurement of the second-order correlation function [g (2) (τ )]. After splitting
the incoming light into two parts using a non-polarizing 50:50 beam
splitter, the reflected and transmitted signals are detected by two detectors. The arrival time difference between the detected photons is
histogrammed using a time-tagging correlator.

14

(a) Sketch of the photon sequence for (i) bunched photons, (ii) random
photons, and (iii) anti-bunched photons. (b) Sketch of second-order
correlation functions for different light sources: (i) classical light, (ii)
coherent light, and (iii) non-classical light emitted by an atom.

15

Photon statistics of quantum dot scattered light for a Rabi frequency
of (a) 0.1 GHz and (b) 1.4 GHz.

16

Schematic representation of a radiatively-decaying two-level system under bichromatic excitation. The frequencies of two coherent fields are
assumed to be ω1 = ω0 − δ1 and ω2 = ω0 + δ2 , respectively.

19

v

Figure 3.2

Figure 3.3

Figure 3.4

Figure 3.5

Figure 3.6

Figure 3.7

Figure 3.8

Figure 4.1

The InAs quantum dot sample was mounted inside of a closed-cycle
cryostat employing an orthogonal excitation/detection geometry. The
scattered light was coupled into a single-mode fiber (SMF) and analyzed either by a scanning Fabry-Pérot interferometer to obtain spectral
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ABSTRACT
Self-assembled semiconductor quantum dots have attracted considerable interest recently, ranging from fundamental studies of quantum optics to advanced applications in
the field of quantum information science. With their atom-like properties, quantum dot
based nanophotonic devices may also substantially contribute to the development of quantum computers. This work presents experimental progress towards the understanding of
light-matter interactions that occur beyond well-understood monochromatic resonant light
scattering processes in semiconductor quantum dots. First, we report measurements of
resonance fluorescence under bichromatic laser excitation. With the inclusion of a second laser, both first-order and second-order correlation functions are substantially altered.
Under these conditions, the scattered light exhibits a rich spectrum containing many spectral features that lead to a range of nonlinear multiphoton dynamics. These observations
are discussed and compared with a theoretical model. Second, we investigated the light
scattered by a quantum dot in the presence of spectral filtering. By scanning the tunable filters placed in front of each detector of a Hanbury-Brown and Twiss setup and
recording coincidence measurements, a “two-photon spectrum” has been experimentally
reconstructed for the first time. The two-photon spectrum contains a wealth of information about the cascaded emission involved in the scattering process, such as transitions
occurring via virtual intermediate states. Our measurements also reveal that the scattered
frequency-filtered light from a quantum dot violates the Cauchy-Schwarz inequality. Finally, Franson-interferometry has been performed using spectrally filtered light from quantum dot resonance fluorescence. Visibilities exceeding the classical limit were demonstrated
by using a pair of folded Mach-Zehnder interferometers, paving the way for producing single
time-energy entangled photon pairs that could violate Bell’s inequalities.
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CHAPTER 1
INTRODUCTION

The generation of non-classical states of light is a key component in photonic quantum
technologies. A case of particular interest is the generation of correlated photon pairs
since they serve a wide range of applications in quantum communication and information
science [1], for example, in quantum repeaters [2] and quantum cryptography [3]. The
vast majority of applications use photon pairs generated via a nonlinear process in bulk,
such as spontaneous parametric down conversion and four-wave mixing [4, 5]. While these
methods are still primarily employed, they suffer from significant drawbacks in regards to
the trade-off between the repetition rate and the probability of generating multiple photon
pairs simultaneously.
A potential alternative to generate efficient photon pairs is the use of cascade emission from a single quantum emitter, such as a single atom [6, 7], a molecule [8, 9] or a
nitrogen-vacancy center in diamond [10, 11]. Another promising solid-state emitter is a
semiconductor quantum dot [12–14], a nanometer-scale semiconductor crystal in which
electrons and holes are confined in all three directions. This confinement breaks up the
continuous density of states in the conduction and valence bands into discrete energy levels. Therefore, a semiconductor quantum dot is often referred to as “artificial atom”, the
semiconductor counterpart of a single atom in free space.
Due to their excellent optical properties, in particular, manifesting no bleaching, epitaxially grown quantum dots are used in many experiments. In recent years, by non-resonantly
exciting a quantum dot, emission of entangled photon pairs has been demonstrated via the
biexcitonic-excitonic two-photon cascade [15]. In this process, once the quantum dot potential has trapped two electron-hole pairs (biexciton), the system decays to the ground
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state via two different decay paths with orthogonal polarizations, giving rise to entangled
photons in a polarization basis. Unfortunately, this method is not the most efficient way
of accomplishing these goals due to complexities occurring in the decay paths, such as a
residual fine structure splitting often present in the intermediate state.
Compared to traditional non-resonant excitation schemes, resonance fluorescence from a
quantum dot has attracted widespread attention and led to novel opportunities. Resonant
excitation enables coherent manipulation of excitonic states in a quantum dot without
creating additional carriers that inevitably are generated under non-resonant excitation and
may cause undesirable effects such as dephasing. The seminal work by B. R. Mollow [16]
has laid the foundation for the understanding of light scattering by a two-level system via a
complete theoretical analysis and predicted that the resonance fluorescence spectrum of a
two-level system consists of both coherent and incoherent components. In particular, when
a two-level system is driven by a strong monochromatic field, the incoherent part is made
out of three separate peaks, known as the Mollow triplet. Shortly after Mollow’s work,
several studies have explored the regime above saturation of a resonantly driven two-level
system (sodium atoms), and they have observed power and detuning-dependent Mollow
triplet [17] and photon anti-bunching [6]. Several decades later, measurement of resonance
fluorescence has been reported with quantum dots.
The key challenge in observing resonance fluorescence using quantum dots is the separation of the laser stray light from the scattered light from a quantum dot. The first study
of resonance fluorescence emission from a quantum dot has been presented by Muller et
al. [18] using an orthogonal excitation and detection configuration. This made possible
to strongly suppress the laser stray light from the scattered light and measure only the
resonance fluorescence. A series of publications followed, reporting on the observation of
the Mollow triplet [19–22], photon anti-bunching [19] and cascade photon emission [23].
The broad scope of this work is to explore the spectral and temporal properties of
quantum dot scattered light under different excitation and detection configurations. First,
in Chapter 2, a brief summary of zero-dimensional quantum dot structures and light-
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matter interaction properties associated with a monochromatically driven two-level system
will be presented. In Chapter 3, we present background-free scattered light spectra under
a strong bichromatic field excitation. Chapter 4 then focuses on frequency-filtered secondorder correlation measurements under monochromatic excitation. In Chapter 5, we aim at
investigating the possibility of generating time-energy entanglement, a type of entanglement
with potential advantages over the more common polarization entanglement.
These experimental investigations have resulted in three peer-reviewed papers: “Bichromatic resonant light scattering from a quantum dot” [Peiris et al., Phys. Rev. B 89, 155305
(2014)], “Two-color photon correlations of the light scattered by a quantum dot” [Peiris et
al., Phys. Rev. B 91, 195125 (2015)], and “Franson Interference Generated by a Two-Level
System” [Peiris et al., Phys. Rev. Lett. 118, 030501 (2017)].
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CHAPTER 2
NEAR-RESONANT LIGHT SCATTERING FROM A QUANTUM DOT

This chapter first presents a brief overview of semiconductor heterostructures, specifically self-assembled semiconductor quantum dots. After that, we discuss the theoretical
background related to the description of the interaction between a monochromatic nearresonant laser and a quantum dot. Then the calculation and measurement of the scattered
light spectrum and second-order correlations from a monochromatically driven quantum
dot will be presented. Finally, we discuss the deviations of our observations in relation to
those expected from a radiatively-broaden two-level system behavior, in particular, considering the influence of spectral diffusion.

2.1

What is a Quantum Dot?
The study of quantum optics in nano-scale semiconductors has become an emerging

field during the past few decades [24–26]. In particular, advances in nano-fabrication
technology have facilitated the fabrication of novel semiconductor heterostructures with
properties tailored for specific applications. In a semiconductor heterostructure, an energy
discretization appears when the electronic motion is confined. Based on the confinement
dimensions, there are three types of semiconductor heterostructure, which are distinguished
from a 3-D bulk system, namely:
• The quantum well (2-D structure): the electrons are confined in only one direction,
• The quantum wire (1-D structure): the electrons are confined in two directions,
• The quantum dot (0-D structure): the electrons are confined in all three directions.
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This work is primarily focusing on self-assembled quantum dots, which have been studied in great detail and feature exceptional optical properties at cryogenic temperatures.
Quantum dots are often referred to as “artificial atoms” due to their discrete density of
states [Fig. 2.1(a)] that resemble the electronic shells in atoms. The atom-like properties
of quantum dots have been exploited in a wide range of applications, including quantum
information processing [27], optical communications [28] and solar energy harvesting [29].
There are two main techniques used to fabricate semiconductor quantum dots: the
chemical synthesis process, wherein colloidal nanocrystals are fabricated in solutions [30],
and epitaxial growth, wherein the nanocrystals are fabricated on a substrate by depositing
successive semiconductor atomic layers [31].
(b)

(a)
e

P Conduction
Se
band

Wetting
layer

InAs band gap

GaAs band gap

-

GaAs

GaAs

(c)

h+

InAs

Sh Valence
band
P
GaAs

InAs

(d)
Capping
layer

InAs
GaAs

GaAs
InAs
GaAs

Figure 2.1. (a) Typical energy diagram of InAs/GaAs system representing s and p shells.
The growing process of self-assembled quantum dots: (b) A thin layer of InAs is deposited
on top of a GaAs substrate. (c) Reaching the critical thickness results in the formation of
InAs islands. (d) Deposition of additional GaAs capping layer.

The production of InAs/GaAs quantum dots is illustrated in Fig. 2.1(b-d), in the
Stranski-Krastanov growth mode [32]. Due to the differing lattice structures [33], quantum dots will form spontaneously while growing InAs micro-crystallite on top of a GaAs
substrate. The growth process begins with the formation of the so-called wetting layer [Fig.
2.1(b)], which plays a major role in the quantum dots’ optical properties. Once achieving
critical thickness [34], a phase transition begins, and it becomes energetically favorable for
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the InAs layer to form islands or quantum dots [Fig. 2.1(c)]. Depending on the growth
parameters, these islands are randomly distributed along the surface with a typical density
of 108 -1010 cm−2 , and are typically 20 nm wide and few nanometers thick. Finally, a GaAs
capping layer is deposited on top of the InAs layer [Fig. 2.1(d)] [35] to preserve quantum
dots from the external environment.

2.2

Interaction Between a Near-Resonant Monochromatic Laser and a Quantum Dot: Theoretical Background
With some assumptions, s-shell excitation of quantum dots can be treated as if the

quantum dots were behaving as an ideal radiatively-broadened two-level system. For a comprehensive understanding of the light-matter interaction properties between a monochromatic near-resonant laser and a quantum dot, the optical Bloch equations can be used.
Here, we have summarized the key steps used in deriving the optical Bloch equations for
a monochromatically-driven two-level system. A detailed calculation will be discussed in
Appendix B.

2.2.1

Hamiltonian

As illustrated in Fig 2.2, we consider a general electric field (E) oscillating around
frequency ωL driving a two-level system. This two-level system consists of a ground state
|0i and an excited state |1i, with energies ~ωa and ~ωb , respectively, and the excited state
is assumed to decay spontaneously into the ground state at a rate κ. The atomic operators
of the system can be defined as
S+ = |1ih0|,
S− = |0ih1|,
(2.1)
and
2Sz = |1ih1| − |0ih0|.
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1
κ

ωL

ω0

Ω

0
Figure 2.2. Schematic representation of a radiatively decaying two-level system under
monochromatic excitation.
We can write the Hamiltonian in the form of H = H0 + HI , where H0 is the Hamiltonian of the unperturbed system and HI represents the interaction Hamiltonian. In the
dipole approximation [36], HI takes the form, HI = −µE(|0ih1| + |1ih0|). Therefore, the
Hamiltonian can be expressed as,

H = ~ωa |0ih0| + ~ωb |1ih1| − µE(|0ih1| + |1ih0|),
which gives:
H = ~(ωb − ωa )(Sz +

1
) − µE(S+ + S− ),
2

(2.2)

where µ is the transition dipole moment of the system, and 1 is the identity operator.
2.2.2

Density Operator and the Optical Bloch Equations

We investigate the time evolution of the system using a density operator ρ, which can
be written as a linear combination of the atomic operators in Eq. (2.1) as,

ρ = x1 S− + x2 S+ + x3 Sz .
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(2.3)

where x1 = hS+ i, x2 = hS− i, and x3 = 2hSz i. Using the Liouville equation [37] and
Lindblad term [38], we can show that the system is governed by the following master
equation (refer to Appendix B for further details),
dρ
1
κ
= [H, ρ] − (S+ S− ρ + ρS+ S− − 2S− ρS+ ).
dt
i~
2

(2.4)

Based on Eqs. (2.2), (2.3), and (2.4), we can obtain the equations of motion as,






 hS− i  
 
d 
 hS i  = 
+
 
dt 

 
hSz i

0

− 2µE
i~

0

− κ2 + iω0

2µE
i~

− µE
i~

µE
i~

−κ

− κ2

− iω0









  hS− i   0 


 
  hS i  +  0  ,
+


 


 
κ
hSz i
−2

(2.5)

where ω0 = ωb − ωa , is the “natural” two-level resonance frequency.
It is assumed that the applied electric field oscillates harmonically around a central
frequency ωL , such that it can be written as,


E0 iωL t
−iωL t
E(t) =
e
+e
.
2

(2.6)

Using the following transformation,
X1 (t) = hS− eiωL t i,
X2 (t) = hS+ eiωL t i,
(2.7)
and
X3 (t) = hSz i,
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we can rewrite the equations of motion in a rotating frame as,



X
(t)
 1


d 
 X (t)  =
2


dt 

X3 (t)

2iωL t
κ
0
− µE0 (e i~ +1)
 − 2 − i(ω0 − ωL )

2iωL t

0
− κ2 + i(ω0 − ωL ) µE0 (e i~ +1)


−2iωL t
µE0 (e−2iωL t +1)
− µE0 (e 2i~ +1)
−κ
2i~









  X1 (t)   0 


 
  X (t)  +  0  .

 2
 


 
X3 (t)
− κ2
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In the “rotating-wave” approximation, rapidly varying terms (e2iωL t and e−2iωL t ) are neglected and the optical Bloch equations can be expressed as,
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(t)
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2
2
0

(2.9)

where ∆ω = ωL − ω0 , is the laser detuning, i.e., the difference between the laser frequency
and the resonance frequency of the two-level system. The Rabi frequency, Ω =

µE0
~ ,

characterizes the strength of the interaction between the electric field and the two-level
system.

2.2.3

Resonance Fluorescence Spectrum

Light scattered from a resonantly-driven two-level system is known as resonance fluorescence. It provides a fascinating manifestation of the quantum nature of light. The first
complete theoretical description of resonance fluorescence was given by Mollow in 1969 [16].
Mollow showed that the resonance fluorescence spectrum could be obtained by Fourier
transforming the two-time correlation function of photon operators, which is proportional
to the first-order correlation function of the atomic operators, g(τ, t) = hS+ (t)S− (t + τ )i.
By using the quantum regression theorem [39, 40], an analytical form of the resonance

9

fluorescence spectrum can be obtained as [16],

g̃(ν, ωL , ω0 ) = 2π|α∞ |2 δ(ν − ωL ) + n̄∞ κΩ2

(ν − ωL )2 + Ω2 /2 + κ2
,
|f (i(ν − ωL ))|2

(2.10)

where ν is the detection frequency and f (s) = s3 + 2κs2 + [Ω2 + (∆ω)2 + 54 κ2 ]s + κ[ 21 Ω2 +
(∆ω)2 + 14 κ2 ]. The steady-state population inversion n̄∞ , and the steady-state quantum
mechanical expectation value of the two-level coherence α∞ , are given by [16],

n̄∞ =

κ
Ω2
,
2
2
4κ ∆ω + (κ + 2Ω2 )/4

(2.11)

α∞ =

iΩ
κ + 2i∆ω
.
4 ∆ω 2 + (κ2 + 2Ω2 )/4

(2.12)

and

The Rabi frequency (Ω) and the laser detuning (∆ω) determine the relative contributions of coherently and incoherently scattered light in the power spectrum. In particular,
under a weak excitation, that is when the Rabi frequency is much smaller than the radiative decay rate (Ω  κ), the power spectrum appears as a δ-function-like peak and
mainly consists of coherently scattered light. On the other hand, under a strong excitation
(Ω  κ), the power spectrum mainly consists of incoherently scattered light.

2.3

Experimental Investigations of Quantum Dot Resonance Fluorescence
In this section, we discuss the experimental background involved in the investigation

of quantum dot resonance fluorescence. The particular sample we studied was containing
InAs/GaAs quantum dots grown using a solid source VEECO [41] Gen-II molecular beam
epitaxy (MBE) system on a semi-insulating GaAs (100) substrate with a 12-pair top and
20-pair bottom Al0.9 Ga0.1 As/GaAs distributed Bragg reflector. The substrate rotation
was stopped during MBE growth of InAs layers to obtain a quantum dot density varying
uniformly from 109 to 108 /cm2 [42]. The dominant vertical cavity mode was centered
around λ ≈ 925 nm.
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2.3.1

Experimental Setup

The quantum dot sample was held in a free-space, closed-cycle cryostat at 10 K and
the light scattered from a single quantum dot was collected using an orthogonal excitation/detection geometry [Fig. 2.3(a)]. This enables measurement of the emission light with
little contamination from the excitation laser [18]. The scattered light was coupled into a
single-mode fiber and then analyzed using a high-resolution (≈ 20 MHz) home–made FabryPérot interferometer [Fig. 2.3(b)] in conjunction with a single-photon counting module as
shown in Fig. 2.3(c).

Figure 2.3. (a) Photograph of the experimental setup showing orthogonal excitation/detection geometry. (b) Photograph of home-made high-resolution Fabry-Pérot interferometers. (c) Schematic representation of the experimental setup.
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2.3.2

Scattered Light Spectrum

The experimental first-order correlation measurements using the scattered light from a
near-resonantly driven quantum dot are represented in Fig. 2.4 for two different Rabi frequencies. Under a weak excitation (Ω/2π = 0.1 GHz), the scattered light spectrum appears
as a δ-function-like peak at the excitation frequency [Fig. 2.4(a)], while the characteristic
Mollow triplet [Fig. 2.4(b)] is observed under strong excitation (Ω/2π = 1.4 GHz), as
predicted by theory [16].

(a)

Uncoupled
states

(b)
0,n+1

Dressed
states
Ω

1
1,n
ωL
0,n

Ω

Ω «κ
Ω /2π =
0.1 GHz

1,n-1

Intensity

Intensity

0

Ω »κ
Ω /2π =
1.4 GHz

ωL−Ω ωL ωL+Ω
Frequency

ωL
Frequency

Figure 2.4. (a) In the weak excitation regime, the power spectrum appears as a δ-functionlike peak at the laser frequency. (b) In the strong excitation regime, transitions between
subsequent manifolds in the dressed-state ladder lead to the Mollow triplet.

The origin of the Mollow triplet peaks can be explained using the dressed-state approach, which can be obtained by diagonalizing Eq. (2.2) [43,44]. In the dressed state ladder [Fig. 2.4(b)], manifolds are separated by the laser frequency (ωL ) and each manifold is
split by the Rabi frequency (Ω). The optically allowed transitions between two nearby man-
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ifolds are indicated in Fig. 2.4(b) via arrows. In the frequency domain, these transitions
are reflected as the characteristic Mollow triplet. The transitions from |0, n + 1i → |0, ni
and |1, ni → |1, n−1i are giving rise to the central peak at the excitation frequency whereas
the transitions |0, n + 1i → |1, n − 1i and |1, ni → |0, ni are giving rise to the sidebands.

2.3.3

Second-Order Correlations

Photon correlation investigations have become a fundamental tool in quantum optics.
They describe how photons are emitted by a light source and how they are correlated with
each other [39,45]. In order to quantify the photon correlations, we can use the normalized
second-order correlation function g (2) (τ ), which can be expressed in the form of photon
creation [a† (t)] and annihilation [a(t)] operators as,

g (2) (τ ) =

ha† (t)a† (t + τ )a(t + τ )a(t)i
ha† (t)a(t)i2

(2.13)

where τ is the time delay between two signals, and h...i denotes the expectation value or
the statistical average over all values of the field in between time t and t + τ within the
duration of the measurement.

2.3.3.1

Hanbury-Brown and Twiss Setup

From an experimental point of view, the second-order correlation function associated
with a given light source can be measured by constructing a Hanbury-Brown and Twiss
setup [46,47], that consists of a beam splitter and two detectors (photomultipliers or singlephoton counting modules), as illustrated in Fig. 2.5. The beam splitter separates the
incoming light into two parts that are sent to the two detectors. The output of each detector
is connected to a time-tagging correlator, which can time-tag all the photon detection events
at the detectors. Once the correlator registers an event from detector-1, a counter “starts”,
and later “stops” as soon as an event from detector-2 is registered or else it resets. Similarly,
the time difference between successive photon events (τ = T2 − T1 ) is measured for all the
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recorded photon events throughout the measurement time. The function g 2 (τ ) can be
obtained by histogramming the measured time differences. In principle, the second-order
correlation function can be measured using a single detector too. However, the finite “deadtime” of the detectors hides the photon correlation events within its’ dead-time window
and limits the temporal detection window.

Detector 1

Photons from
a light source

Start

Stop

Time-tag
correlator

Detector 2

Figure 2.5. Schematic diagram of Hanbury Brown and Twiss setup for the measurement
of the second-order correlation function [g (2) (τ )]. After splitting the incoming light into
two parts using a non-polarizing 50:50 beam splitter, the reflected and transmitted signals
are detected by two detectors. The arrival time difference between the detected photons is
histogrammed using a time-tagging correlator.

2.3.3.2

Characteristics of Different Light Sources

Depending on the type of light source, the second-order correlation function exhibits
different features as visualized in Fig. 2.6. The photons from thermal light sources, e.g.,
from incandescent filaments tend to arrive in bunches [Fig. 2.6(a)(i)]. Therefore, the
probability of photons arriving together within a short delay time interval τ is large. This
phenomenon is known as photon bunching or super-Poissonian statistics [Fig. 2.6(b)(i)].
On the other hand, there is no preferred time interval between the photons associated with
coherent light sources [Fig. 2.6(a)(ii)], such as laser light. These photons are completely
uncorrelated and the probability of detecting two photons within a certain delay τ is
14

the same for all values of t. This behavior is described as Poissonian statistics and the
corresponding second-order correlation function appears as a flat line [Fig. 2.6(b)(ii)]. In
contrast to classical light sources, light emitted from a single quantum system (an atom,
a molecule, or a quantum dot) has more regular spacing [Fig. 2.6(a)(iii)]. Therefore, once
a photon is detected it is very unlikely to detect another photon immediately after that.
As illustrated in Fig. 2.6(b)(iii), “anti-bunched” photons result in a dip at τ = 0 in the
second-order correlation function.

(i) bunched

(ii) random

(iii) anti-bunched

(b)
2
second-order correlation
function g(2)(τ)

(a)

1

(i) Super
Poissonian

(ii) Poissonian

2

1

(iii) Sub
Poissonian

Arrival time t
(arb. units)

0
Time (τ)

Figure 2.6. (a) Sketch of the photon sequence for (i) bunched photons, (ii) random photons,
and (iii) anti-bunched photons. (b) Sketch of second-order correlation functions for different
light sources: (i) classical light, (ii) coherent light, and (iii) non-classical light emitted by
an atom.

2.3.3.3

Experimental Second-Order Correlation Function

The experimental second-order correlation measurements using the scattered light from
a near-resonantly driven quantum dot are represented in Fig. 2.7 for two different Rabi
frequencies. The dip at τ = 0 in the normalized correlation function [Fig. 2.7(a)] confirms
the fact that it is impossible for the emitter (quantum dot) to generate two photons at
the same time. With these measurements, we can confidently treat a single self-assembled
quantum dot as a single-photon emitter. Moreover, for the strong excitation regime, in ad15

dition to the anti-bunching dip, Rabi oscillations (the time-domain analog of the sidebands)
are observed [Fig. 2.7(b)] [19].

g(2)(τ)

(a) Ω/2π = 0.1 GHz

Ω/2π =
1.4 GHz

(b)

1

0

-5

0

5

-5
10
Time (τ) ns

0

5

10

Figure 2.7. Photon statistics of quantum dot scattered light for a Rabi frequency of (a) 0.1
GHz and (b) 1.4 GHz.

2.4

Spectral Diffusion
Though we assume a quantum dot as an ideal two-state system, as is well documented,

there are numerous effects which make a quantum dot excitonic state behave differently
from an ideal, radiatively-broadened two-state system, even under a resonant laser excitation [18–21, 48–50]. The most striking effects were observed experimentally, including
those described most recently, c.f. Ref. [51], are rooted in imperfections associated with
the solid-state environment. The magnitude of such effects varies significantly with sample
growth process, sample structure (e.g. vicinity with etched surfaces and/or metals), and
the experimental conditions (temperature fluctuations, sample electrical isolation, sample
heat sinking, etc.).
Nonetheless, under near-resonant continuous-wave excitation at temperatures near 10 K
or below, the most commonly observed effects are blinking and spectral diffusion, which are
related phenomena associated with the fluctuation of the electrostatic environment of the
quantum dots [52]. The timescale of spectral diffusion, obtained directly from photon cor-

16

relation functions [53], is typically varying from tens of nanoseconds to few milliseconds. As
this is longer than the radiative decay rate, which is of order 1 nanosecond [41,54], spectral
diffusion can be accounted as an inhomogeneous broadening over random detunings experienced by the quantum dot resonance frequencies [22]. For an observable associated with
a function f computed for an ideal system, the corresponding inhomogeneously-broadened
function hf iSD can be obtained by integrating over the parameter space,
Z
hf (ω0 )iSD ∝

0

f (ω00 )e−(ω0 −ω0 )

2 /2σ 2

dω00 ,

(2.14)

where a normal distribution of quantum dot resonance frequencies with average ω0 and
standard deviation σ was assumed. To make a better comparison with experimental results
the spectral diffusion has been included in our theoretical analysis.
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CHAPTER 3
BICHROMATIC RESONANT LIGHT SCATTERING FROM A
QUANTUM DOT

3.1

Introduction
Following the first resonance fluorescence experiments with semiconductor InAs quan-

tum dots [18–21], significant experimental advances have been reported for the case of
monochromatic resonant excitation, most notably the measurement of two-photon indistinguishability [55], correlations in Mollow triplet sidebands [23], coherent light scattering [22, 49], and light scattering from two nearby quantum dots [56]. Moving a step further, there has been growing interest in going beyond monochromatic or—at the other
extreme—pulsed excitation. Nevertheless, only a handful of experimental investigations so
far have focused on the next simplest case, i.e., that of bichromatic near-resonant excitation: the interaction between two independent near-resonant lasers and a two-level system.
Newbold et al. [57] have performed the first theoretical study on bichromatic near-resonant
light scattering by solving the optical Bloch equations using a semi-analytical integration
approach and experimental work using barium atoms followed shortly [58]. Soon after, a
variety of detailed theoretical methods were developed by Agarwal et al. [59] and Ficek
et al. [60] to compute the relevant first-order correlation functions. Later, Aronstein et
al. [61] have addressed the issues with discrepancies in time-averaging and introduced a
refined approach.
Here we study the first-order and second-order correlations of the light scattered by
a single InAs quantum dot under bichromatic (random mutual phases) near-resonant excitation. In order to understand the theoretical background, first we derive the optical
Bloch equations using the procedure that was used in Refs. [60, 61] for the case where a
18

two-level system is driven by two strong oscillating electric fields. The theoretical two-laser
excitation spectra and resonance fluorescence spectra have been obtained by solving the
optical Bloch equations for different excitation regimes. Then we discuss the experimental
observation of the resonance fluorescence spectrum under various bichromatic excitation
regimes and finally second-order correlation measurements will be analyzed.

3.2

Near-Resonant Bichromatic Excitation

δ2
δ1
ω1
ω2

Ω1

κ

Ω2

ω0

ω1

ω2

Figure 3.1. Schematic representation of a radiatively-decaying two-level system under
bichromatic excitation. The frequencies of two coherent fields are assumed to be ω1 =
ω0 − δ1 and ω2 = ω0 + δ2 , respectively.

Here we are interested in investigating both spectral and temporal properties of the scattered light from a bichromatically-driven two-level system. The theoretical first-order and
second-order correlation functions will be obtained by solving the optical Bloch equations.
In order to derive the optical Bloch equations, like in the case of monochromatic excitation
we treat a quantum dot as a radiatively-broadened two-level system with a ground state
|0i and an excited state |1i, with corresponding energies ~ωa and ~ωb , respectively. We
assume that the excited state is decaying spontaneously into the ground state at a rate κ.
In contrast to the case presented in Chapter 2, the driving field is now considered to be
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bichromatic: it consists of a superposition of two coherent light fields, i.e.,


1
−i(ω1 t+φ1 )
−i(ω2 t+φ2 )
+ c.c,
E(t) =
E1 e
+ E2 e
2

(3.1)

where ω1 and ω2 are the frequencies, E1 and E2 are time-independent amplitudes, and φ1
and φ2 are the phases of the field’s harmonic components [Fig. 3.1].
3.2.1

Formation of the Optical Bloch Equations

After transforming the atomic operators in Eq. (2.1) into a frame rotating at the
average frequency ωs = (ω1 + ω2 )/2, the optical Bloch equations can be written as [59–62],
dX(t)
= A(t)X(t) + v,
dt

(3.2)

where X(t) = (X1 (t), X2 (t), X3 (t)) with X1 (t) = hS− eiωs t i, X2 (t) = hS+ e−iωs t i, X3 (t) =
hSz i,



A(t) = 




Ω1 eiδt + Ω2 e−iδt 

0
− 21 κ + i∆
Ω1 e−iδt + Ω2 eiδt 
,

−κ
− 21 (Ω1 e−iδt + Ω2 eiδt ) − 12 (Ω1 eiδt + Ω2 e−iδt )
− 21 κ − i∆

0

and v = (0, 0, −κ/2). The two applied fields’s detunings from resonance are δ1 = ω0 − ω1
and δ2 = ω2 − ω0 [Fig. 3.1], and their frequency difference is 2δ = δ1 + δ2 = ω2 − ω1 . The
average detuning is ∆ = (δ1 − δ2 )/2 = ω0 − ωs , and the Rabi frequencies associated with
the interaction of each field with the |0i → |1i dipole transition are Ω1 , and Ω2 .
3.2.2

Solutions of the Optical Bloch Equations

The structure of the optical Bloch equations in Eq. (3.2) is quite similar to what we have
obtained for the case of monochromatic excitation [Eq. (2.5)]. However, now A(t) contains
time-dependent terms leading to a more complex and interesting problem than the case of
monochromatic excitation, specifically when calculating the two-time correlation function.
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In order to calculate the two-time correlation function, as the field is non-stationary, a
time-averaging procedure is needed. lt is seen from the steady state solution of Eq. (3.2),
i. e., dX(t)/dt → 0, that in general Xj (t) will persistently oscillate at a frequency δ (beat
frequency) and all its harmonics. Thus, the optical Bloch equations in Eq. (3.2) can be
solved by an elegant approach involving Floquet expansions by setting,

Xj (t) =

l=+∞
X

(l)

Xj (t)eilδt ,

(3.3)

l=−∞
(l)

where the amplitudes Xj (t) are slowly varying in time. This expansion transforms the
system of equations in Eq. (3.2) into an algebraic matrix problem, which can then be
solved numerically [59, 60] to obtain the resonance fluorescence spectrum.

3.3

Experimental Setup - Bichromatic Excitation
In order to experimentally study resonance fluorescence under bichromatic excitation,

a slightly modified setup compared to that described in Section 2.3.1 has been used. The
quantum dot sample was still held in a free-space closed-cycle cryostat at 10 K [Fig. 3.2].
However, instead of one laser, two tunable diode lasers were introduced laterally and the
light scattered from a single quantum dot was collected in a perpendicular direction. For
spectral analysis of the scattered light, a high resolution (≈ 20 MHz) home–made FabryPérot interferometer (free spectral range of 10.4 GHz) in conjunction with a single-photon
counting module was used. On the other hand, to study the temporal resonance fluorescence properties, a Hanbury-Brown and Twiss setup [46] was used as illustrated in Fig.
3.2. For all our measurements, photon arrival times were histogrammed with a standalone
correlator (PicoHarp 300 from PicoQuant) [24].
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PZT
SMF
SPCM

Fabry-Perot
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Electronics
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Mirrors

SMF

Quantum dots

Figure 3.2. The InAs quantum dot sample was mounted inside of a closed-cycle cryostat employing an orthogonal excitation/detection geometry. The scattered light was coupled into
a single-mode fiber (SMF) and analyzed either by a scanning Fabry-Pérot interferometer
to obtain spectral information, or with a pair of single-photon counting modules (SPCM)
at the respective outputs of a 2×2 (50/50) fiber coupler to observe temporal correlations.

3.4

Two-Laser Excitation Spectrum
Similarly to the monochromatic excitation experiments, the simplest experiment one

can perform under bichromatic excitation is to measure the intensity of the total scattered
light while scanning the laser frequencies, a dataset known as the “excitation spectrum”.

3.4.1

Experimental Measurements

Fig. 3.3(a) represents the experimental two-laser excitation spectrum obtained for
varying Rabi frequencies, with an exposure time of around 120 s. Here, the intensity of
the total scattered light was measured by directly sending the fiber-coupled quantum dot
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resonance fluorescence into a single-photon counting module. For small Rabi frequencies
a crossing is observed as if two single-laser excitation spectra were superimposed. On the
other hand, for large Rabi frequencies anti-crossings become visible, similar to the splitting
seen in absorption spectra [63]. Moreover, an oscillatory behavior is visible along the
diagonals (δ1 = δ2 ) of Fig. 3.3(a) as illustrated in the spectra of Fig. 3.3(b).
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Figure 3.3. (a) Excitation spectra as a function of laser frequencies for different Rabi
frequencies as indicated. (b) Diagonal cross-sections of (a) which corresponds to ∆ = 0.
(c) Theoretical two-laser excitation spectra. (d) Corresponding theoretical cross sections.

3.4.2

Theoretical Analysis

In order to calculate the theoretical two-laser excitation spectrum as a function of
laser frequencies, we have used the time-averaged steady-state solution of Eq. (3.2), i.e.,
(0)

X3 (t → ∞) (X3 is proportional to the intensity). For the most part, our observations are
quite similar to what is expected from a radiatively-decaying two-level system. It turns out
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that due to spectral diffusion, a process wherein the quantum dot transition frequency is
randomly shifted during the measurement time [52] causes some deviations from the ideal
case. This shift originates from a fluctuating electric or magnetic field (charge or nuclear
spin) environment of the quantum dot occurring on a time scale that is long compared to the
radiative decay process. It can also be modeled theoretically. Here, we have included the
effect of spectral diffusion by calculating the total scattered light intensity for all possible
random detunings as,
Z
I(ω1 , ω2 ) = κ

(0)

0

2 /2σ 2

(1/2 + X3 (t → ∞))e−(ω0 −ω0 )

dω00 ,

(3.4)

where we assumed a Gaussian distribution of quantum dot resonance frequencies with a full
width at half maximum of s/2π ≈ 2.355σ/2π, determined to be ≈ 1 GHz by extrapolating
the experimental single-laser excitation spectras’ linewidths to Ω → 0 [22]. The calculated
two-laser excitation spectrum [I(ω1 , ω2 )] is shown in Fig. 3.3(c). The evolution with Rabi
frequency closely follows the experimental maps, with fast spectral oscillations seen at
higher Rabi frequencies.

3.5

Scattered Light Spectrum
To study the spectral properties of the scattered light, we have used a high-resolution

Fabry-Pérot interferometer together with a single-photon counting module (Excelitas model
SPCM-AQRH with a nominal timing resolution of 350 ps) [Fig. 3.2]. Here, we have
analyzed the variations in the scattered light spectrum for different combinations of laser
intensities and frequencies.

3.5.1

Theoretical Resonance Fluorescence Spectrum

By analogy to the monochromatic case [Fig. 3.4(a)], the theoretical power spectrum
can be expressed using the Fourier transform of the two-time correlation function [16],
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Z

∞

S(t, ω) = κ

eiωτ hS+ (t)S− (t + τ )idτ.

(3.5)

−∞

However, as discussed earlier, due to the presence of oscillatory terms in A(t) at δ and
its harmonics in the optical Bloch equations [Eq. (3.2)], to calculate the scattered light
spectrum associated with the bichromatic excitation a suitable averaging over time t is
necessary. Assuming that there is no “memory” in the system between one spontaneous
emission event and another (Markov approximation), we can make use of the quantum
regression theorem [40], i. e., note that the functions,
Y1 (t, τ ) = hS+ (t)e−iωs t S− (t + τ )eiωs (t+τ ) i,
Y2 (t, τ ) = hS+ (t)e−iωs t S+ (t + τ )e−iωs (t+τ ) i,
(3.6)
and
Y3 (t, τ ) = hS+ (t)e−iωs t Sz (t + τ )i,
satisfy the same equations of motion as hS− (t + τ )eiωs (t+τ ) i, hS+ (t + τ )e−iωs (t+τ ) i, and
hSz (t + τ )i, respectively, namely Eq. (3.2). Thus, we solve,
∂Y(t, τ )
= A(t + τ )Y(t, τ ) + X2 (t)v,
∂τ

(3.7)

for Y1 (t, τ ) with initial conditions Y(t, 0) = (1/2 + X3 (t), 0, −X2 (t)/2) [60, 61]. The scattered light spectra for an ideal radiatively-broadened two-level system can be calculated
by averaging these solutions over a time interval [t, t + 2π/δ] with t  2π/κ. In order to
incorporate the effect of spectral diffusion, we further perform an average over an ensemble
of resonance frequencies as in Eq. (3.4). The radiative decay rate (κ) for all the theoretical
traces was κ/2π= 180 MHz, which is consistent with commonly measured decay times of
≈ 1 ns in InAs quantum dots [41].
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3.5.2
3.5.2.1

Experimental Resonance Fluorescence Spectrum
Two Lasers of Same Intensity and Same Frequency at Resonance

We started with the simplest case, i.e., the two lasers having the same intensities
(Ω1 = Ω2 = Ω) and with both of them at exact resonance (δ1 = δ2 = 0). Compared to the
characteristic Mollow triplet under monochromatic excitation, a modified Mollow triplet is
predicted [64] for this case as the effective intensity fluctuates during the measurement time
due to phase variations of the two lasers. As expected, a Mollow triplet-like spectrum is seen
consisting of flat and broad sidebands, a result of the superposition of Mollow triplets over
different Rabi frequencies [Fig. 3.4(b)]. This effect is equivalent to the interaction between
a quantum dot and a monochromatic laser with varying intensity. If we had performed
the same experiment with fixed phase lasers we would have seen the characteristic Mollow
triplet as for the monochromatic case [Fig. 3.4(a)].
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Figure 3.4. (a) Experimental (black) and theoretical (red) scattered light spectra from a
quantum dot at exact resonance using a single laser (Ω2 = 0) for the Rabi frequencies
indicated. (b) Experimental (black) and theoretical (red) scattered light spectra with both
lasers at exact resonance (δ1 = δ2 = 0) for different Rabi frequencies (Ω1 = Ω2 = Ω).
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3.5.2.2

Two Lasers of Same Intensity Symmetrically Positioned Around Resonance

Next, we investigated the case for which both lasers have same intensities (Ω1 /2π =
Ω2 /2π = 1.5 GHz) and are symmetrically placed around the resonance frequency of a quantum dot (∆ ≈ 0 and δ/2π = 1.0 GHz). Here, a significantly altered resonance fluorescence
spectrum [Fig. 3.5(a)] is observed compared to both the monochromatic case and the case
when both lasers are at exact resonance frequency with the quantum dot. In particular, a
series of peaks is observed symmetrically around the resonance frequency ω0 . In the strong
excitation regime (Ω1 = Ω2  κ), the peak separation is found to be independent of the
Rabi frequencies and equal to half the frequency difference between the two lasers [Fig.
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3.5(a)].

Figure 3.5. (a) Experimental (black) and theoretical (red) scattered light spectra for
Ω1 /2π = Ω2 /2π =1.5 GHz, ∆ ≈ 0 and δ/2π= 1.0 GHz. (b) Atom-bichromatic field
dressed state diagram representing transitions that led to the spectrum in (a).
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The emergence of these peaks can be well explained by the “dressed states” formalism
[60]. In this model, the Hamiltonian is diagonalized and transitions between manifolds
consisting of product states of the two field states (with photon occupation numbers n1 and
n2 ) and the state of the two-level system (occupation number nQD ) are considered [58, 60]
[Fig. 3.5(b)]. Here, each manifold consists of an infinite number of states. The centers
of the manifolds are split in energy by ~ω0 and within each manifold individual states are
separated in energy by ~δ. The transitions between two adjacent manifolds [Fig. 3.5(b)]
are visualized as peaks in the scattered light spectrum [Fig. 3.5(a)]. The only possible
peaks in this diagram appear at frequencies of ω0 ± mδ, where m is an integer [Fig. 3.5].
3.5.2.3

Two Lasers of Same Intensity Under Frequency Variation of One Laser

We further studied the case where the two lasers have the same intensity (Ω1 = Ω2 ) and
the detuning of one laser (δ1 ) is progressively reduced in magnitude. When the detuning
of laser one (δ1 ) is large, two separate triplets are observed as in the bottom panel of Fig.
3.6(a). However, once |δ1 | ∼ Ω1 [Fig. 3.6(b-c)] new peaks emerge due to strong interactions
between both lasers and the two-level system. Similarly to the previous case, a series of
peaks is seen with peak separation of δ (half the frequency difference between the two
lasers). Another surprising feature of these spectra is the alteration in linewidth as one
moves from peak to peak in the spectrum. Most noticeable peaks associated with coherent
scattering occur at frequencies δ1 ± 2mδ, where m is an integer.
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Figure 3.6. (a-c) Experimental (black) and theoretical (red) spectra of light scattered by
a quantum dot with one laser fixed (δ2 /2π = 0.3 GHz) while varying the detuning of a
second laser, δ1 /2π (arrow), as indicated, and with Ω1 /2π = Ω1 /2π =1.0 GHz.

3.5.2.4

Two Lasers of Different Intensities and Different Frequencies

Finally, we investigated the case where the two lasers have unequal intensities (Rabi
frequencies) and large detunings. Compared to other cases, the scattered light spectrum
is particularly complex [Fig. 3.7] as a result of destructive quantum interferences between
different transitions. By further exploring this case, as initially predicted [65, 66] cancellation of the spontaneous emission spectrum line has been reported recently with a two-level
system [67].
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Figure 3.7. Experimental (black) and theoretical (red) spectra of light scattered by a quantum dot for (a) δ1 /2π = 1.2, δ2 /2π = 2.7, Ω1 /2π = 1.2, and Ω2 /2π = 1.6 GHz. (b) Same
but for δ1 /2π = 1.0, δ2 /2π = 0.7, Ω1 /2π = 0.6, and Ω2 /2π = 1.5 GHz.

3.6

Second-Order Correlations
To explore the temporal properties associated with the scattered light from a single

quantum dot under bichromatic laser excitation, we can define the second-order correlation
function [similar to Eq. (2.13) using atomic operators],

g (2) (τ ) =

hS+ (t)S+ (t + τ )S− (t + τ )S− (t)i
hS+ (t)S− (t)ihS+ (t + τ )S− (t + τ )i

,

(3.8)

of the scattered light by histogramming the arrival time difference τ , of photons at two
detectors located at the two outputs of a 50:50 fiber beam splitter [Fig. 3.2]. The measured
normalized second-order correlation functions (black) for different Rabi frequencies and
laser detunings are shown in Fig. 3.8. Similar to monochromatic excitation, we have
observed Rabi oscillations and an anti-bunching dip at τ =0. However, when the second
laser is introduced, the correlations changed both for short times (τ < 2π/κ) as well as for
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long times (τ  2π/κ). In particular, oscillations at δ and its harmonics can be seen [Fig.
3.8].

Normalized second-order correlation g(2)(τ)

Ω1,2/2π=0.4 GHz, δ1,2/2π=0.1 GHz
2
1
IRF

0

Ω1,2/2π=1.3 GHz, δ1,2/2π=0.1 GHz
2
1
0
Ω1,2/2π=1.0 GHz, δ1,2/2π=0.4 GHz
2
1
0

5

0

5
10 15
Time τ (ns)

20

Figure 3.8. Experimental (black) and theoretical (red) normalized second-order correlation
functions for different Rabi frequencies and for different laser detunings as indicated.

The quantum regression theorem [40] can be used to calculate the second-order correlation
function in Eq. 3.8, by which the quantity,
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Z1 (t, τ ) = hS+ (t)S− (t + τ )eiωs (t+τ ) S− (t)i,
Z2 (t, τ ) = hS+ (t)S+ (t + τ )e−iωs (t+τ ) S− (t)i,
(3.9)
and
Z3 (t, τ ) = hS+ (t)S+ (t + τ )S− (t + τ )S− (t)i,
satisfy the same equations of motion as X1 (t+τ ), X2 (t+τ ), and X3 (t+τ ), respectively [62].
Thus to find g (2) (τ ) we can solve,
∂Z(t, τ )
= A(t + τ )Z(t, τ ) + v0 (t + τ ),
∂τ

(3.10)

for Z3 (t + τ ) with v0 = (−A13 /2, −A23 /2, 0) and initial conditions Z(t, 0) = 0, and average
the solutions over time t. The effect of spectral diffusion has been taken into consideration
by averaging over an ensemble of resonance frequencies as in Eq. (3.4). Additionally, the
experimental traces have been deconvolved using the instrument response function (IRF)
plotted in gray in the top panel of Fig. 3.8. The persisting oscillations at δ, although
close to the noise level in some cases can be clearly discerned. These occur due to nonstationarity of the applied field.

3.7

Summary
We have measured background-free resonance fluorescence spectra and photon-statistics

from a single InAs quantum dot exposed to two independent tunable lasers. Both spectral and temporal properties were found to be significantly more complex than in the
monochromatic excitation case. For instance, we observed oscillations in the second-order
correlation functions at the frequency difference of the two lasers and its harmonics. We
were able to reproduce our observations theoretically using the optical Bloch equations and
quantum regression theorem. Finally, the effect of spectral diffusion was taken into account
for the random fluctuations in the quantum dot resonance frequency. Bichromatic excitation exhibits a number of novel features which are not presented in the monochromatic
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excitation, including a range of nonlinear multi-photon dynamics. These inherent features
associated with the bichromatic excitation might lead to potential applications such as the
development of wide-band single-photons and for quantum entanglement generation [68].
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CHAPTER 4
FREQUENCY-FILTERED CORRELATIONS: THE TWO-PHOTON
SPECTRUM

4.1

Introduction
With an ever increasing number of fascinating potential applications in the field of

quantum information science, searching for adequate sources of correlated photon pairs
has been the focus of many research groups worldwide. In particular, photon pairs play a
vital role in quantum key distribution [69, 70], quantum teleportation [71, 72], and quantum repeaters [73, 74]. However, the number of known methods that can be used to
produce strongly enough correlated photon pairs is limited. Currently, most applications
are based on photon pairs generated via nonlinear processes like spontaneous parametric
down-conversion [4] or four-wave mixing [75]. Nevertheless, these sources suffer from the
major drawback of creating more than one photon pair for each trigger pulse. Alternatively, one can use a multilevel atomic cascade, as in the pioneering experiments by Aspect
et al. [1], or biexcitonic-excitonic decays from quantum dots [76–78].
Due to the complexities associated with obtaining paired photons in multilevel systems, it is worth exploring the conditions that lead to the generation of correlated photon
pairs from a simple two-level system, a nominally single photon source. Apanasevich
and Kilin [79] have first explored this possibility and predicted photon correlations (antibunching for the similar sidebands and bunching for the opposite sidebands) from the
resonance fluorescence spectrum of a two-level atom. The first experimental investigation
was performed by Aspect et al. [43], where strong correlations between the sidebands of the
Mollow triplet peaks were observed. A recent milestone experiment by Ulhaq et al. [23]
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has added a new perceptive to this problem by observing a cascade emission using the
scattered light from a solid-state emitter, an InAs quantum dot.
In general, most of the theoretical and experimental investigations [44, 80–88] have
been limited to photon correlations between the Mollow triplet peaks (central peak and
two sidebands). A recent theoretical work by del Valle et al. has addressed this problem
and clarified the issues associated in particular with time and normal ordering of operators in correlation functions. Moreover, the authors have introduced a new concept called
“two-photon spectrum” to calculate the frequency and bandwidth-dependent two-color correlation function [89]. A two-photon spectrum measures the probability of detecting one
photon of frequency ω1 at time T1 and another photon of frequency ω2 at time T2 . In
contrast to the conventional Hanbury-Brown and Twiss second-order correlation measurement or the resonance fluorescence spectrum, the two-photon spectrum contains a wealth
of information which could help enhance our understanding of a variety of systems.
In this Chapter, we will first discuss the measurement of the two-photon spectrum of the
light scattered by a single InAs quantum dot exposed to a near-resonant strong monochromatic laser with varying excitation parameters. By extending the two-photon spectrum
formalism, the possibility of observing violations of the Cauchy-Schwarz inequality will be
discussed later in the Chapter.

4.2

Experimental Setup
In our experiments, we collected the light resonantly scattered by a single InAs quantum

dot free of background using the orthogonal excitation/detection configuration described
in Chapter 2. Additionally, we introduced a non-polarizing 50:50 beam splitter to divide
the collected scattered light into two equal parts as shown in Fig 4.1 [90]. After that,
we placed custom made filters before fiber couplers. Thusly, frequency-filtered light was
coupled into single-mode fibers connected to two single-photon counting modules (Excelitas
model SPCM-AQRH). Finally, photon arrival times were histogrammed using a standalone
correlator (PicoHarp 300 from PicoQuant) [24].
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Figure 4.1. Background-free scattered light collected from a single InAs quantum dot is
divided into two equal parts using a non-polarizing 50:50 beam splitter. Two filters [tunable
in their resonance frequencies (ω1 and ω2 ) as well in their bandwidths Γ1 and Γ2 ] are placed
in front of each detector of a Hanbury-Brown and Twiss setup.

The filters at the heart of this experiment are two home-made filters consisting of
monolithic fused silica cuboids with dimensions of 5 mm × 10 mm × 10 mm. The front
and back surfaces (5 mm × 10 mm) were coated with a multilayer dielectric coating of 90%
nominal reflectivity between 750 nm to 950 nm, forming a Fabry-Pérot interferometer. For
each filter we could independently adjust the resonance frequency, (ω1 and ω2 ), as well
as in the bandwidth, (Γ1 and Γ2 ). For the former, the index of refraction of the cuboid
(fused silica) was changed by controlling its temperature while for the later, the cuboid
angle was varied. For optimal heat distribution, we have placed each cuboid between two
thermo-electric coolers [Fig. 4.2(a)].
The functionality of the filters is shown in Fig. 4.2. Each trace in Fig. 4.2(b-c) displays
the scattered light (one-photon) spectrum using a high resolution (≈ 20 MHz) scanning
Fabry-Pérot interferometer for a Rabi frequency of Ω/2π = 1.3 GHz. By tuning each filter
continuously as shown in Fig 4.2(c), we can select blue or red sidebands, the central peak,
or any other frequency window. The filters’ long-term stability has been verified in separate
measurements [91].
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Figure 4.2. (a) Photograph of home-made filter consisting of a monolithic reflectively coated
fused silica cuboid temperature-controlled by two thermo-electric coolers. (b) Unfiltered
Mollow triplet for Ω/2π = 1.3 GHz. (c) From top to bottom: filtered (Γ/2π = 0.5 GHz)
central peak, blue and red sidebands, respectively for Ω/2π = 1.3 GHz.

4.3

Two-Photon Spectrum
In order to record the experimental two-photon spectrum associated with the quantum

dot scattered light, photon arrival times were histogrammed using a standalone correlator
for a matrix of filter frequencies (ω1 , ω2 ) and with a fixed filter bandwidth of Γ1 = Γ2 =
Γ. Figure 4.3 represents the results of the two-photon spectrum measurement under a
coincidence detection, i.e., for a correlation time τ = T2 − T1 = 0, and with ∆ω = 0
and Γ/2π = 0.5 GHz. For each filter frequency pair, the recording time was identical
and equal to 165 s, so that together with various delay times the total exposure time
for each map was about 42 hours. Data in each experimental two-photon spectrum were
recorded in a segmental manner, and the data collection process was automated using
Labview. Only the Rabi frequency was altered between each panel (increasing from left to
right) as indicated. In all subsequent density plots of the two-photon spectrum, we use a
color code wherein red corresponds to super-Possionian [g (2) (τ ) ≥ 1], blue corresponds to
sub-Possionian [g (2) (τ ) ≤ 1] and white corresponds to Possionian statistics [g (2) (τ ) ≈ 1].
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Figure 4.3. From top to bottom: theoretical one-photon spectrum, experimental and theoretical two-photon spectra for the Rabi frequencies indicated. Filter bandwidths in twophoton spectra are equal to Γ1 /2π = Γ1 /2π = Γ/2π = 0.5 GHz. The color code is red for
(2)
(2)
(2)
gΓ (0) ≥ 1, blue for gΓ (0) ≤ 1, and white for gΓ (0) ≈ 1, with the darkest red (blue)
representing the highest (lowest) correlation value.
Table 4.1 provides a summary of typical count rates and correlation parameters [g (2) (0)]
involved in the two-photon spectrum measurement with Rabi frequency of 2.2 GHz (right
experimental panel) for frequency pairs marked with green crosses. Depending on the
filter-frequency pair, count rates vary as there are more photons associated with the central
peak than with the sidebands or the peak tails. While the unfiltered scattered light from
a quantum dot has nearly completely anti-bunched photon statistics [19], spectral filtering
leads to a range of different photon statistics from (I) near-Poissonian statistics [g (2) (0) =
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1.21] at the central peak, (II) sub-Poissonian statistics [g (2) (0) = 0.33] at similar sidebands,
and (III) super-Poissonian statistics [g (2) (0) = 3.18] at opposite tails.
Table 4.1. Summary of raw quantities associated with the data of Fig. 4.3
(ω1 − ωL , ω2 − ωL )/2π
GHz
I (0.0,0.0)
II (-2.2,-2.2)
III (-3.0,3.0)

4.4

Aver. count rate
counts/s
8.2 × 105
2.3 × 105
3.7 × 104

Raw coinc.
counts/s
158.01
3.83
1.55

Stat. error
counts/s
0.95
0.23
0.05

g (2) (0)
1.21
0.33
3.18

stat. error
g (2) (0)
0.007
0.021
0.108

Theoretical Two-Photon Spectrum
The standard approach of quantifying photon correlations based on the second-order

correlation function is given by,
ha† (t)a† (t + τ )a(t + τ )a(t)i
,
t→∞ ha† (t)a(t)iha† (t + τ )a(t + τ )i

g (2) (τ ) = lim

(4.1)

where a† and a are photon creation and annihilation operators at time t, and τ is the detection time delay. However, once we insert filters in front of the detectors of the HanburyBrown and Twiss setup, the second-order correlation function must be modified to obtain
a time and frequency-resolved photon correlation function,

(2)

gΓ1 ,Γ2 (ω1 , ω2 ; τ ) = lim

t→∞

where Aω1,2 ,Γ1,2 =

Rt

−∞ e

hA†ω1 ,Γ1 (t)A†ω2 ,Γ2 (t + τ )Aω2 ,Γ2 (t + τ )Aω1 ,Γ1 (t)i
hA†ω1 ,Γ1 (t)Aω1 ,Γ1 (t)ihA†ω2 ,Γ2 (t + τ )Aω2 ,Γ2 (t + τ )i

(iω1,2 −Γ1,2 /2)(t−t1 ) a(t )dt
1
1

,

(4.2)

is the field at frequency ω1,2 and with a

bandwidth of Γ1,2 , detected at time t. For the purpose of calculating the quantity in Eq.
(4.2) del Valle et al. have put forward the concept of a two-photon spectrum by introducing
the quantities,
(1)
SΓ1 (ω1 , T1 )

Γ1
=
2π

Z Z

T1
−∞

dt01 dt04 e−

Γ1
(T1 −t01 )
2

e−
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Γ1
(T1 −t04 )
2

0

0

eiω1 (t4 −t1 ) × ha† (t01 )a(t04 )i,

(4.3)

(2)
SΓ1 Γ2 (ω1 , T1 , ω2 , T2 )

Γ1 Γ2
=
(2π)2

Z Z

T1

Z Z

−∞
T2

×
−∞

dt01 dt04 e−

Γ1
(T1 −t01 )
2

e−

Γ1
(T1 −t04 )
2

eiω1 (t4 −t1 )

dt02 dt03 e−

Γ2
(T2 −t02 )
2

e−

Γ2
(T2 −t03 )
2

eiω2 (t3 −t2 )

0

0

0

0

(4.4)

×hT− [a† (t01 )a† (t02 )]T+ [a(t03 )a(t04 )]i,
where T− and T+ are time-ordering operators [89]. After normalizing Eq. (4.4) by the one(1)

(1)

photon time-dependent power spectra SΓ1 (ω1 , T1 ) and SΓ2 (ω2 , T2 ), the time and frequency
resolved physical two-photon spectrum can be obtained as,
(2)

(2)
gΓ1 ,Γ2 (ω1 , ω2 , τ )

SΓ1 ,Γ2 (ω1 , T1 , ω2 , T2 )

=

(1)

.

(1)

SΓ1 (ω1 , T1 )SΓ2 (ω2 , T2 )

(4.5)

T2 −T1 =τ

In the supplemental material of Ref. [89], the calculation of this quantity in a general context is described. Unlike other theoretical approaches, the two-photon spectrum provides
a landscape of photon correlations for any and all combinations of filtered-frequency pairs.
Here, we have calculated it numerically for the case of a resonantly driven two-level system
with a radiative decay rate of κ/2π = 0.2 GHz.
The theoretical two-photon spectrum is represented below the experimental two-photon
spectrum in Fig. 4.3 and for highlighting purposes theoretical contours have been overlaid
onto the experimental measurements. For identification of spectral features the theoretical
one-photon spectrum is plotted above the two-photon spectra. The horizontal and vertical
dash lines in Fig. 4.3 represent the positions of the central peak and sidebands in the
Mollow triplet for the corresponding Rabi frequency. For a better comparison with the
experimental two-photon spectrum, a convolution with the detectors’ instrument response
(Excelitas model SPCM-AQRH, Γ−1
det =350 ps) function has also been applied. With that,
we were able to observe a faithful agreement between the experimental and theoretical
two-photon spectra as seen in Fig. 4.3.
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4.5

Dressed-State Framework
The dressed states picture is ideally suited for understanding the two-photon radiative

cascade [Fig. 4.4]. For a qualitative understanding, we consider the resonantly driven
quantum dot as an ideal two-level system with a ground state |0i, an excited state |1i,
and radiative decay rate κ. After diagonalizing the Hamiltonian of the coupled system
(quantum dot+laser field), the “dressed states” can be written as a superposition between
the two uncoupled states [43, 44],

|0, ni = c|0i − s|1i
(4.6)
|1, ni = s|0i + c|1i.
The amplitudes of the coupled states are given by c =

p
p
(Ω0 + ∆ω)/2Ω0 and s = (Ω0 − ∆ω)/2Ω0 ,

with Ω02 = Ω2 + ∆ω 2 [44].
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Figure 4.4. (a) Theoretical two-photon spectrum for Ω/2π = 1.6 GHz, and filter bandwidths
of Γ1 /2π = Γ2 /2π = 0.5 GHz. (b) Dressed-state diagram illustrating the transitions labeled
in (a).

In the dressed-state picture [Fig. 4.4(b)], the lowest coincidence rate [highest degree of
photon anti-bunching, g (2) (τ ) < 1], is predicted to occur near (ω1 − ωL , ω2 − ωL = ±Ω, ±Ω)
due to the disconnected decay paths. These correspond to filtering photons from like
sidebands [Ai and Aii ]. On the other hand, a high coincidence rate [g (2) (τ ) > 1] is expected
to occur near filtering altering sidebands, (ω1 − ωL , ω2 − ωL = ±Ω, ∓Ω) [Aiii and Aiv ].
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However, at resonance, Poissonian statistics is observed due to interference. Similarly,
filtering the central peak (0,0) [B] yields in Poissonian statistics [g (2) (τ ) = 1]. In the case
of filtering the central peak and one of the sidebands (0, ±Ω) [Ci -Civ ] results in partial
anti-bunching [g (2) (τ ) < 1] due to the interference between two different decay paths and
one of them being disconnected [80].
Beside those most prominent features, which occur through real intermediate states,
there is another set of transitions which takes place in the same ladder [Fig. 4.4(b)]. These
transitions proceed via a virtual state, i.e., through an intermediate state that is not an
eigenstate of the system. For this process, energies of the photons (ω1,2 ) do not have to
match with any of the allowed transitions, but their summations have to. Therefore, we
can write a set of simple equations which govern this two-photon processes,
ω1 + ω2 = 2ωL ,
ω1 + ω2 = 2ωL − Ω,

(4.7)

and
ω1 + ω2 = 2ωL + Ω,
where ωL is the laser frequency and Ω is the Rabi frequency. Figure 4.4(b) depicts some of
these transitions (Di -Dviii ), where green lines denote the virtual intermediate states. In the
two-photon spectrum, these transitions are reflected in strong super-Poissonian statistics
near ω1,2 − ωL ≈ −3Ω/2, −Ω/2, Ω/2 and 3Ω/2, and result in simultaneous photon pair
emission.

4.6

Effect of Detuning
The laser detuning provides an interesting control parameter for the investigation of

the two-photon spectrum. In Fig. 4.5, the two-photon spectrum has been measured in the
presence of a modest laser detuning of ∆ω/2π = 1.0 GHz. Along with the enhancements in
the super-Poissonian statistics, an asymmetry in the two-photon spectrum is seen around
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Figure 4.5. Experimental and theoretical two-photon spectrum under laser detuning ∆ω/2π
= 1.0 GHz, with Ω/2π = 1.6 GHz.

the central anti-diagonal. Again, the theoretical calculation based on Eq. (4.5) provides a
close agreement with the experimental results.
The laser detuning also controls the superposition amplitudes c and s of the dressed
states in Eq. (4.6). Under large positive detunings, (|c|  |s|), the branching ratios are
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Figure 4.6. Experimental (black) and theoretical (red) photon correlations between red and
blue sidebands (Ω/2π= 1.6 GHz) for a series of laser detunings ∆ω/2π = 1.65, 1.40, 0.85,
0.70, 0.30, 0, -0.15, -0.45, -0.75, -1.20 and -1.50 GHz.
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such that transitioning into state |1i is favored over transitioning into state |2i. Therefore
in steady-state, the system is found predominantly in state |1i and the emission of a
photon at the blue sideband is likely to be followed by the emission of a photon at the red
sideband [Aiii in Fig. 4.4(b)]. This asymmetric time sequence is visible in the data of Fig.
4.6. Similarly, when the detuning is negative (|c|  |s|), then the red sideband photon
emission is likely to be followed by a blue sideband photon emission [Aiv in Fig. 4.4(b)]. On
resonance, Aiii and Aiv are equally probable, and thus the resulting correlation function is
symmetric, with a dip at τ = 0 due to their interference [80]. In theoretical traces the effect
of spectral diffusion has been accounted for by averaging over a ≈ 1 GHz wide distribution
of random detunings. Figure 4.6 represents the photon correlations measured on filtered
opposite sidebands for a range of laser detunings. Along with increasing asymmetry, strong
photon-correlations have been observed as the magnitude of the detuning increased. The
prize to pay for these strong correlations is a reduction in the count rates as summarized
in Table 4.2.
Table 4.2. Average count rates and g (2) (0) values associated with Fig. 4.6
Detuning
(GHz)
1.65
1.40
0.85
0.70
0.30
0
-0.15
-0.45
-0.75
-1.20
-1.50

Correlation parameter
g (2) (0)
9.88
5.77
2.93
2.22
1.62
1.37
1.52
1.71
1.92
4.66
7.43
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Average count rate
count/s
2.35 × 104
5.61 × 104
1.05 × 105
1.28 × 105
1.63 × 105
1.88 × 105
1.72 × 105
1.53 × 105
1.19 × 105
6.93 × 104
3.52 × 104

4.7

Effect of Filter Bandwidth
As a part of our study, we have also investigated the effect of filter bandwidth on the

two-photon correlations. We have fixed the frequencies of the filters to select the central
peak of the Mollow triplet and correlations were recorded for a series of filter bandwidths
[Fig. 4.7]. Here, the detector time resolution (Micro Photon Devices model PDM-R,
Γ−1
det ≈ 80 ps) was such that Rabi oscillations were seen when no filter was present [top
trace in Fig. 4.7(b)]. A deconvolution with the detectors’ instrument response function has
been applied to the data. As the filter bandwidths change, the theoretical correlations [Eq.
(4.5)] represented in Fig. 4.7 (red trace) closely follow the experimental data. Note that the
effect of the reduced filter bandwidth is not equivalent to a slower detector response (which
would result simply in a removal of high-frequency components of the Rabi oscillations and
a “flattening” of the correlations).

Normalized second-order correlation
function g(2) (ωL,ωL,τ)

(a)

(b)

1
Γ/2π =
0.5 GHz

Unfiltered

Γ/2π =
0.05 GHz

Γ/2π =
1.8 GHz

0

1

0

-5

0
Time τ (ns)

5

-5

0
Time τ (ns)

5

Figure 4.7. (a-b) Experimental (black) and theoretical (red) photon correlations on the
Mollow triplet central peak for a range of filter bandwidths Γ1 = Γ2 = Γ as indicated.
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Here the reduced filter bandwidth eventually leads to increased coincidence rates, an
effect well-known from the quantum treatment of filter transfer functions [87, 88]. In particular, regardless of the specific photon generation mechanism, a filter with a bandwidth
smaller than the light’s bandwidth unavoidably introduces quantum noise [84], i.e., it will
cause photon bunching to occur. This bunching can be understood as being the result
of a constructive multiphoton interference process originating in photon indistinguishability [26,55]. If we were to record the two-photon spectrum of Figs. 4.3 for a filter bandwidth
much less than the emitter bandwidth κ, then this indistinguishability bunching would have
appeared as a sharp center diagonal line [92].

4.8

Cauchy-Schwarz Inequality
The two-photon spectrum provides a theoretical framework to identify conditions by

which the Cauchy-Schwarz inequality can be violated. This states that products of two
random variables, x and y, are bounded by their product of autocorrelations, i.e., |hxyi| ≤
p
hxi2 hyi2 . However, this inequality may be violated when x and y are quantum observables. For an experimental test involving two electromagnetic modes, we can write this
inequality in the form of a ratio R, defined as the square of cross-correlations over the
product of autocorrelations between the modes at τ = 0 [93], i. e.,

RΓ1 ,Γ2 (ω1 , ω2 , 0) = h

h
i2
(2)
gΓ1 ,Γ2 (ω1 , ω2 , 0)

i.
(2)
(2)
gΓ1 ,Γ1 (ω1 , ω1 , 0)gΓ2 ,Γ2 (ω2 , ω2 , 0)

(4.8)

In Fig. 4.8, we have plotted the experimentally obtained R as a function of two filter
frequencies. The theoretical value is represented in the bottom panels. On the chosen
color scale, green indicates a violation (R > 1). A hint of violation is observed when
filtering opposite sidebands [Aiii and Aiv in Fig. 4.8(a)], whereas significant violations are
observed when filtering opposite tails in the Mollow triplet. In contrast to the resonance
case, a significant violation is predicted and was observed when the filters were set exactly
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at opposite sidebands [Fig. 4.8(b)] when we introduced a laser detuning. The largest
experimental value seen was R ≈ 60.
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Figure 4.8. (a) Map of the Cauchy-Schwartz criterium R, for the resonance case. (b) Same
as in (a) but with a laser detuning of ∆ω/2π = 1.0 GHz.

4.9

Summary
We were able to reproduce all the major features of the two-photon spectrum predicted

by del Valle et al. using a resonantly excited quantum dot for different excitation conditions.
Crucially, we were able to reproduce the virtual transitions [Di - Dviii in Fig. 4.4(b)]. These
have been first identified through the inspection of the Jaynes-Cummings model in Ref. [92],
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where they were termed “leapfrog transitions”. The distinctive features of the two-photon
spectrum, such as an asymmetry under detuning and filter bandwidth-dependent effects
have been further verified. Although a refined theoretical description may be obtained by
including, e.g., phonon-scattering— known to play a major role in quantum dot exciton
dephasing [94, 95]— our observations agree well with the theoretical model of del Valle et
al. [89]. Finally, as predicted theoretically, our results also exhibit a violation of CauchySchwarz inequality. Enhancements in the two-photon spectrum formalism may provide new
insights into more complex systems and applications, such as the two-level atom dressed
by a cavity vacuum field [96], as well as coupled quantum systems.
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CHAPTER 5
QUANTUM DOT RESONANCE FLUORESCENCE AS A SOURCE OF
TIME-ENERGY ENTANGLEMENT

5.1

Introduction
Entanglement is one of the most fascinating phenomena in quantum mechanics. When

two particles are entangled, measuring the properties of one particle instantaneously elicits
the properties of the other regardless of their distance,. This counter-intuitive concept
is linked to two famous papers in the history of quantum mechanics. In 1935, Einstein,
Podolsky, and Rosen (EPR) [97] have argued that the laws of quantum mechanics are
not complete and should be extended with hidden variables. Soon afterward, Schrödinger
coined this as “entanglement” in his famous cat paradox paper [98]. A few decades later,
Bell showed that this argument could be formulated by an inequality, raising the hope
of experimental investigation of this problem [99]. Generalized versions of this inequality
were subsequently introduced for experimental purposes [100, 101].
Starting from the 1970s, a series of landmark experiments [102–105] have demonstrated
the experimental violations of Bell inequalities. Nevertheless, those experiments are not
considered fully conclusive since they used additional assumptions to obtain a contradiction
with local realism, resulting in loopholes. However, recent experiments [106–108] have
closed all those loopholes simultaneously and conclusively demonstrated that quantum
entanglement exists.
As of today, entanglement plays a key role in quantum communication and quantum cryptography [3, 69, 70] applications. A number of companies working in this field
have emerged over the past few years, and commercial quantum key distribution systems
are already available. Though most of these applications use polarization entangled pho49

ton pairs mainly due to convenience, those photons may have limitations through optical
fibers [109]. A potential alternative would be time-energy entanglement and time-bin entanglement, which is based on the interferometric scheme proposed by Franson [110]. For
the generation of time-energy entangled photon pairs, nonlinear processes like spontaneous
parametric down conversion or four-wave mixing are widely used [111–113]. However, in
those systems, there is a possibility of generating multiple photon pairs due to Poissonian emission statistics and builds a motivation to investigate alternative schemes such as
cascade emission that emit no more than one photon pair per cycle.
Semiconductor quantum dots are promising candidates for generating single-pair entangled photons because of their fundamental sub-Poissonian emission statistics. The generation of time-bin entanglement using quantum dots has been demonstrated using two
milestone experiments after converting the familiar biexciton-exciton polarization entanglement [114,115]. However, this method suffers from complexities like fine structure splitting. This emphasizes the necessity of exploring efficient methods to generate time-energy
entanglement directly from a quantum dot.
This chapter discuss the possibility of observing time-energy entanglement with the
scattered light from a resonantly driven two-level system using a Franson interferometer.

5.2

Correlated Photon Pairs from the Mollow Triplet
Even though the light scattered from a two-level system (quantum dot) has overall

sub-Poissonian photon statistics, one can obtain different photon statistics by selecting
various filter frequency pairs as seen in the experimental two-photon spectrum given in
Fig. 5.1. This is one of our major findings in Chapter 4 and we have used the same color
code to represent the photon statistics (red, super-Poissonian; blue, sub-Poissonian; and
white, Poissonian). The two-photon spectrum reveals the fact that, there exist many other
combinations of filter frequency pairs to generate correlated photon pairs other than filtering opposite sidebands (blue crosses). In particular, we can also use filtering in-between
Mollow triplet peaks (yellow-brown dashed contour), filtering opposite peak tails (solid
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Figure 5.1. Experimental two-photon spectrum for Rabi frequency Ω/2π = 1.6 GHz and
laser detuning ∆ω/2π = 1.2 GHz with filter bandwidths Γ1 /2π = Γ2 /2π = 0.45 GHz.

green contour), or filtering an in-between Mollow triplet peak and an opposite peak tail
(green-brown dashed contour). These features can be described as a family of transitions
through virtual intermediate state, which is not an eigenstate of the system. In particular,
based on these correlations, violations of Cauchy-Schwarz inequality have been both predicted and experimentally verified (Chapter 4). Moving a step further, here we investigate
the possibility of generating time-energy entanglement from a resonantly-driven quantum
dot by constructing a Franson interferometer.

5.3

Franson Interferometer
The principle of the Franson interferometer is based on the superposition between

two-photon events generated at different times and it consists of two unbalanced MachZehnder interferometers (MZI) [Fig. 5.2(a)]. In each Mach-Zehnder interferometer, a
photon can travel via two equally-probable paths, a short arm of length Si and a long arm
of length Li (i = 1, 2). The optical path length difference (∆Li = Li − Si ) is same for
both interferometers. When this length difference is less than the coherence length cτc of
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the incident photons, where c is the speed of light and τc is the photon coherence time,
the one-photon interference (intensity variations) will be visible as the length of an arm is
varied. To eliminate the influence of one-photon interference, each ∆Li has to be greater
than cτc . An another condition envisioned by Franson is that an indistinguishability of
photon pairs can be observed only if the ∆Li is lower than the coherence length of the
pump photons. Hence, to elicit two-photon interference in the coincidence measurement
between the detectors (D1 and D2 ), each interferometer needs to satisfy cτp  ∆Li  cτc ,
where τp is the pump photon coherence time.
For any photon pair generated at the source can have four equally probable paths to
reach the detectors:
• Long - Long (|L1 L2 i): both photons take the long path
• Short - Short (|S1 S2 i): both photons take the short path
• Long - Short (|L1 S2 i): photon on the left takes the long path and the photon on the
right takes the short path
• Short - Long (|S1 L2 i): the reverse of the above.

L1
D1

Interferometer (b)
2

Interferometer
1

φ1

φ2
Source

S1

S2

L2
D2

Biphoton Amplitude

(a)

S 1S 2
L 1L 2
S 1L 2

L 1S 2

-1

0

1

∆L
c

Figure 5.2. (a) Schematic of Franson interferometer for generating time-energy entangled
photon pairs using two unbalanced (but identical) Mach-Zehnder interferometers and a
source that emits correlated photon pairs at unknown moments in time. The short and
long arms of each interferometer are denoted by “S” and “L”, respectively. The phase shifts
in the long arms of each interferometer with respect to the short arms in each interferometer
is indicated by Φ1 and Φ2 , respectively. (b) Schematic representation of the four biphoton
amplitudes in the coincidence time basis.
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In a coincidence measurement when S1 = S2 and L1 = L2 , these four possible paths
will appear as three distinct peaks at times (-∆L/c, 0, ∆L/c) [Fig. 5.2(b)]. The central
peak corresponds to both |S1 S2 i and |L1 L2 i two-photon events and the left (right) peak
corresponds to |L1 S2 i (|S1 L2 i) two-photon events. When we keep the path length difference
of both interferometers lower than the coherence length of the pump laser (∆L  cτp ),
the first two cases (|S1 S2 i and |L1 L2 i) remain indistinguishable in their time of detection
whereas the last two cases (|L1 S2 i and |S1 L2 i) remain distinguishable from each other as
well as from the first two cases. The two-photon interference effect in indistinguishable
events is a manifestation of photon entanglement in time, and a time-energy entangled
state can be written as,
1
|Ψi = √ (|S1 S2 i + ei(Φ1 +Φ2 ) |L1 L2 i),
2

(5.1)

where Φ1 = ΦL1 −ΦS1 and Φ2 = ΦL2 −ΦS2 are the phase differences between the respective
long and short arms in the interferometers. Note that the distinction of events is achieved
by postselection of recorded time tags. Furthermore, in principle one can generate a timeenergy entangled state for the case where S1 6= S2 , L1 6= L2 , and ∆L1 = ∆L2 also and it
corresponds to an asymmetric triplet in the coincidence measurements.

5.4

Experimental Setup
Here we used an extended version of the experimental setup used in Chapter 4. In

particular, nearly background-free scattered light was obtained from a single quantum
dot. We then split the scattered light into two equal parts using a 50:50 non-polarizing
beam splitter and introduced two home-made stable filters, which are tunable both in
their resonance frequencies (ω1 , ω2 ) as well as in their bandwidths (Γ1 , Γ2 ). The frequencyfiltered scattered light from a quantum dot was coupled into two single-mode fibers and
used them as the inputs of Mach-Zehnder interferometers [Figs. 5.3 and 5.4].
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Figure 5.3. Schematic of the experimental setup. The split frequency-filtered [(ω1 −
ωL )/2π = −(ω2 − ωL )/2π = 2.0 GHz and Γ1 /2π = Γ1 /2π = 0.45 GHz] scattered light
from a near-resonantly-driven quantum dot (Ω/2π = 1.6 GHz and ∆ω/2π = 1.2 GHz) is
connected to two unbalanced Mach-Zehnder interferometers, with L1 = L2 = L = 190 cm
and S1 = S2 = S =2 cm. The relative phase of each interferometer (Φ) is controlled by
varying the length of their respective short arms.

Each Mach-Zehnder interferometer consists of a non-polarizing 50:50 beam splitter and
two mirrors [Figs. 5.3 and 5.4]. As the coherence time of the photons scattered from a
resonantly-driven quantum dot is about 1 ns (coherence length of 30 cm) [41], to eliminate
any first-order interference we have set the lengths of the short and long arms as 2 cm and
190 cm, respectively (∆L = L − S = 188 cm > τc = 30 cm). In order to control the relative
phase, Φ, between the short and long arms in the interferometers, mirrors on the short arms
are mounted on a piezoelectric transducer (PZT). Furthermore, to maintain a fixed relative
phase during the measurement time, both interferometers are actively stabilized using a
stable reference laser (yellow dashed lines in Fig. 5.4). The outputs of interferometers
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are coupled into two multi-mode fibers and directed them to two single-photon counting
modules (APD1 and APD2) with measured quantum efficiencies of about 30% at 920 nm.
Finally, the output of each detector is sent to a time-correlating photon counting module
to record the difference in photon arrival times.

Figure 5.4. Photograph of the experimental setup. Red and blue lines represent the
frequency-filtered light from a resonantly driven quantum dot whereas dashed yellow lines
represent the path of the stable secondary laser.

5.5

Franson Visibility Test on Correlated Photon Pairs

5.5.1

Generation of Single Photon Pairs

In an ideal situation, any filter frequency pair which results in super-Poissonian statistics (red region in Fig. 5.1) can be used to investigate the possibility of generating timeenergy entanglement using a resonantly-driven quantum dot. However, the parameter space
under which Franson measurements can be performed with a given experimental apparatus
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is limited by the filter properties and also with the nonideality of the source. Furthermore,
when experimenting this, a compromise must be found between the signal-to-noise ratio
and the degree of correlation of the photon pairs as summarized in Table. 4.2.
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Figure 5.5. (a) Experimental second-order correlation function for Ω/2π = 1.6 GHz, ∆ω/2π
= 1.2 GHz, and (ω1 − ωL )/2π = −(ω2 − ωL )/2π = 2.0 GHz (cross-correlation). (b)
Theoretical second-order correlation function for Ω/2π = 1.6 GHz, ∆ω/2π = 1.2 GHz, and
(ω1 − ωL )/2π = (ω2 − ωL )/2π = 2.0 GHz (auto-correlation).

Therefore, we have initiated the experimental work with correlated photon pairs generated via frequency-filtered opposite sidebands [(ω1 − ωL )/2π = −(ω2 − ωL )/2π = 2.0 GHz
and Γ1 /2π = Γ1 /2π = 0.45 GHz] in the presence of a modest laser detuning of ∆ω/2π =
1.2 GHz (Rabi frequency Ω/2π = 1.6 GHz). Fig. 5.5 represents the cross-correlation and
auto-correlation measurements for this case. The peak at τ = 0 in Fig. 5.5(a) and the
dip at τ = 0 in Fig. 5.5(b) confirm that frequency-filtered scattered light from a quantum
dot can be used to generate single photon pairs. Under these conditions, the typical count
rates at each detector were approximately 1 × 104 s−1 .

5.5.2

Calculation of Franson Visibility

For any entangled source, as we vary the phases of the Mach-Zehnder interferometers
the coincidence counts of the central peak (indistinguishable events) are expected to oscillate between a minimum which closes to zero events and a maximum which closes to
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around four times as the height of side peaks (distinguishable events). Based on these
cases, we can define the Franson visibility (V ) [116] as,

V =

max − min
max + min

(5.2)

A Franson visibility greater than 70.7 % provides a violation of Bell’s inequality [111]
and we can conclude that the source is generating time-energy entangled photon pairs.
Therefore, our goal was to record coincidence measurements from light scattered by a
resonantly driven two-level system under different interferometer phases and to investigate whether we can generate time-energy entangled photon pairs based on the Franson
visibility.
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Figure 5.6. Histograms of the normalized coincidence rate for two different phase settings
as indicated, (a) minimizing and (b) maximizing the central peak. The measurement time
was 600 s for each panel and the bin width was 256 ps. The red and pink shaded areas
indicate the coincidences involved in the calculation of the Franson visibility as defined in
the text. The dashed black line indicates the accidentals level.
We present our experimental results in Fig 5.6 [117], which illustrates the normalized
coincidence rates between the two detectors for two phase adjustments. Coincidence events
are concentrated around three distinct peaks as discussed in Fig. 5.2, where the central
peak represents the entangled events. Obtaining phase independent side peaks in Fig 5.6
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further confirms that we have eliminated the one-photon interference in the experimental
setup. For this particular measurement the total recording time was 600 s and the bin size
was 256 ps.
The Franson interference visibility [Eq. 5.2] can be calculated based on the normalized
coincidences above the accidentals level (black dash lines in Fig. 5.6) under interference
minimum and maximum conditions of the central peak. For a precise determination of the
minimum and the maximum, a series of coincidence measurements has recorded and area
under the central peak is measured. Figures 5.7(a) and 5.7(b) show the phase-dependent
normalized coincidences above the accidentals level within the central peak for time windows of 1024 and 4096 ps, respectively. By post-selecting events occurring within a 1024ps-wide time window (approximately coinciding with the coherence time of quantum dot
scattered photons) (red bars in Fig. 5.6), we have obtained a visibility of V≈ 66% ±4% after
fitting with a sinusoidal function [Fig. 5.7(a)]. This value exceeds the classical limit (50%)
and is close to the limit corresponding to a violation of Bells inequalities (70.7%) [111].
Moreover, for a larger post-selection time window of 4096 ps (combination of the red and
pink bars in Fig. 5.6), a visibility of 63% ± 4% [Fig. 5.7(b)] was obtained.
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Figure 5.7. Normalized coincidences in the central peak plotted as a function of the phase
Φ1 + Φ2 with a postselection window width of (a) 1024 ps and (b) 4096 ps.
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5.6

Summary and Discussion
Ideally, the visibility in this experiment would be equal to unity, and we have inves-

tigated the potential causes for the imperfect interference seen in Figs. 5.6 and 5.7. One
of the essential requirement in Franson’s scheme is that cτp  ∆L. During our measurements, we have used a stable continuous-wave pump laser with a coherence time of about
166 ns (δL/c ≈ 6 ns), thus meeting this requirement. The same laser was used to align
the Mach-Zehnder interferometers, and its long coherence time is confirmed by the high
degree of one-photon interference (≈95%) as seen in Fig. 5.8. To ensure that the visibility
was not artificially reduced by random phase fluctuations in the Mach-Zehnder interferometers during the measurement time, we employed an active stabilization procedure [Figs.
5.3 and 5.4] consisting of a stable secondary laser [dashed yellow lines in Fig. 5.4] and
field-programmable gate array (FPGA) controllers providing feedback to the piezo-electric

Intensity (arb. units)

transducers [118].

0

20
PZT voltage (V)

40

Figure 5.8. One-photon interference (95%) observed at each interferometer during the alignment process, using the excitation laser as the interferometer input. The blue line denotes
the background level.
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The split signals from each beam splitter travel unequal distances (L = 190 cm and
S = 2 cm) before they meet again at the same beam splitter. Although we have used
collimated light beams (red and blue solid lines in Fig. 5.4), in practice, the beam size
slightly increases with the distance and the two beams may couple differently into the
multi-mode collection fiber. In order to compensate for this mismatch ,we have carefully
fiber-coupled the beams using free-space lenses. We have verified that the contributions
from the two arms of each interferometer are within 2% of each other, which resulted in
similar probabilities for long-long and short-short coincidence events.
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Figure 5.9. Franson visibilities for different measurement settings. The red dashed line
and the green solid line indicate the classical limit (50%) and the limit at which Bells
inequalities are violated (70.7%), respectively.

This leaves the possibility of intrinsic non-idealities associated with the source, and/or
limitations originating in the filters that we employed. To verify the integrity of our
filtering process, we have repeated the experiment in the presence of an additional pre-filter
(Michelson interferometer) [Fig. 5.9 measurement 6], which increased the off-resonance
rejection ratio by further removing the contribution from the central peak [23]. However,
we found no significant influence of this pre-filter on the final Franson visibility. It is
thus very likely that the non-unity Franson visibility observed here has its origin in the
source itself; further investigations will be needed to draw additional conclusions. We note
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nonetheless that we could not observe a significant variation in visibility when performing
the experiment for different quantum dots in the same sample [Fig. 5.9 measurements 7-10].
Nonetheless, the measured Franson visibility (66%) shows a violation over the classical limit
and our method based on single-photon pairs can be potentially used in future quantum
communication schemes, with entanglement preserved through optical fibers.
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CHAPTER 6
CONCLUSIONS AND OUTLOOK

Resonance fluorescence provides a unique opportunity to study a host of fascinating
phenomena that are otherwise hidden in measurements involving above-band excitation.
Going beyond the exploration of coherent dynamics of the exciton ground state, this work
has investigated both first-oder and second-order correlation properties of light scattered
resonantly by a quantum dot under various excitation and detection conditions. Employment of an orthogonal excitation/detection configuration enabled the collection of scattered
light with little contamination from the excitation laser. The background-free scattered
light spectra have provided new possibilities to control the coherent properties of quantum states generated by a solid-state two-level system. In particular, compared with the
three-peaked fluorescence spectrum for the case of monochromatic excitation, the interaction between a two-level system and a non-stationary near-resonant bichromatic field
has revealed spectral features associated with rich quantum mechanical pathways between
dressed states. The quantum interference effects manifested in these pathways could potentially lead to new paradigms in coherent control and quantum communication.
With the aid of two narrow-band stable filters photon correlations between all possible frequency windows of the Mollow triplet were investigated in detail and a two-photon
spectrum was successfully reconstructed. The observed two-photon spectrum consists of
unexpected features within the two-photon cascade emission, such as transitions through
virtual intermediate states which can lead to the violation of classical inequalities. The
combination of characteristic features, cascade emission through frequency filtering and
inherent indistinguishable photon emissions, makes a resonantly-driven quantum dot a
promising candidate for future quantum communication schemes, with entanglement pre-
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served through optical fibers. In general, a common hurdle associated with these measurements is the presence of spectral diffusion, which significantly modifies the scattering
properties of a near-resonantly driven quantum dot. In principle, it may be possible to control the time-scale of this phenomenon either by placing quantum dots in charge-tunable
devices or implementing an active stabilizing procedure with the aid of a secondary nearby
quantum dot.
The experimental measurement of the two-photon spectrum and its close agreement
with theory suggests that frequency-filtered photon correlations could become an important tool in quantum optics. In particular, as recently predicted [119], higher-order photon
correlations (e.g., a three-photon spectrum) could lead to the generation of on-demand
single photons. The experimental implementation of such a measurement is in principle
straightforward, as it only requires an additional scanning filter compared to the experimental setup used in this work. However, a conceptual difficulty lies in the fact that with
three variables substantially longer integration time may be required. One solution may be
the combination of our filters with high efficiency superconducting single photon detectors.
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and A. Imamoğlu, “A quantum dot single-photon turnstile device”, Science 290, 2282
(2000).
[25] E. Moreau, I. Robert, L. Manin, V. Thierry-Mieg, J. M. Gérard, and I. Abram, “Quantum Cascade of Photons in Semiconductor Quantum Dots”, Phys. Rev. Lett. 87,
183601 (2001).
[26] C. Santori, D. Fattal, M. Pelton, G. S. Solomon, and Y. Yamamoto, “Polarizationcorrelated photon pairs from a single quantum dot”, Phys. Rev. B 66, 045308 (2002).
65
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[82] L. Knöll, G. Weber, and T. Schäfer, “Theory of time-resolved correlation spectroscopy
and its application to resonance fluorescence radiation”, J. phys. B.: At. Mol. Phys.
17, 4861 (1984).
[83] H. F. Arnoldus and G. Nienhuis, “Photon correlations between the lines in the spectrum of resonance fluorescence”, J. phys. B.: At. Mol. Phys. 17, 963 (1984).
69
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Appendix B Equations of Motion for a Near-Resonantly Driven Two-Level
System
Optical properties of a resonantly-driven two-level system are often studied in terms of
the equations of motion. The following procedure can be used to calculate the motion of
equations under an external electric field E.

B.1

Two-Level Hamiltonian under Dipole Interaction

Here, we consider a two-level system with ground state |0i and excited state |1i, with
energies ~ωa and ~ωb , respectively. The quantum mechanical operators of the system can
be defined as,
S+ = |1ih0|,
S− = |0ih1|,
(B.1)
and
Sz =

|1ih1| − |0ih0|
.
2

The operators in Eq. (B.1) satisfy the following basic commutative relations,
[S+ , S− ] = 2Sz ,
(B.2)

and
[Sz , S± ] = ±S± .

Using the completeness relation, |1ih1| + |0ih0| = 1, and using Eq. (B.1), we can solve for
|1ih1| and |0ih0| as follows,

|1ih1| = Sz +

1
2

1
|0ih0| = − Sz
2

(B.3)

We can write the Hamiltonian of the system in the form of H = H0 + HI , where H0 is
the Hamiltonian of the unperturbed system and HI represents the interaction Hamiltonian.
In the dipole approximation [36], HI takes the form, HI = −µE(|0ih1| + |1ih0|). Therefore,
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the Hamiltonian can be expressed as,

H = ~ωa |0ih0| + ~ωb |1ih1| − µE(|0ih1| + |1ih0|),
which gives:
H = ~(ωb − ωa )(Sz +

1
) − µE(S+ + S− ),
2

(B.4)

where µ is the transition dipole moment of the system, and 1 is the identity operator.
B.2

Density Operator

For a given physical system, we can define a state vector |ψi, which contains all the
information about the system. In many cases, we may not know |ψi, but we may know
the probability pψ that the system is in the state |ψi. Therefore, the density operator of
the system can be defined as follows [39],

ρ=

X

Pψ |ψihψ|

(B.5)

ψ

To evaluate the average value of a given observable A,
hAi =

X

Pψ hψ|A|ψi

ψ

hAi =

X

Pψ hψ|A

XX
ψ

hAi = T r

|nihn|ψi

n

ψ

hAi =

X

Pψ hn|ψihψ|A|ni

n

X


Pψ |ψihψ|A

ψ

hAi = T r[ρA]
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Using the result in Eq. (B.6), we can find the expectation values of the atomic operators
in Eq. (B.1) as,
hS− i = T r[S− ρ],
hS+ i = T r[S+ ρ],
(B.7)
and
hSz i = T r[Sz ρ].
In particular, the density operator of the system can be written as a linear combination
of the atomic operators, S− , S+ , and Sz ,

ρ = x1 S− + x2 S+ + x3 Sz .

(B.8)

Using Eqs. (B.1), (B.7), and (B.8), we can calculate x1 , x2 , and x3 ,



x3
hS− i = T r |0ih1| x1 |0ih1| + x2 |1ih0| + (|1ih1| − |0ih0|)
2


x3
= T r x2 |0ih0| + |0ih1|
2

(B.9)

= x2


x3
hS+ i = T r |1ih0| x1 |0ih1| + x2 |1ih0| + (|1ih1| − |0ih0|)
2


x3
= T r x1 |1ih1| − |1ih0|
2


(B.10)

= x1





|1ih1| − |0ih0|
x3
hSz i = T r
x1 |0ih1|) + x2 |1ih0| + (|1ih1| − |0ih0|)
2
2


1
x3
x3
= T r x2 |1ih0| + |0ih0| + |1ih1| − x1 |0ih1|
2
2
2
x3
=
2
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Therefore, we can rewrite the density operator as,

ρ = hS+ iS− + hS− iS+ + 2hSz iSz .

B.3

(B.12)

Time Evolution of Density Operator

By differentiating Eq. (B.5) we can study the time dynamics of the system as,
dρ X
=
Pψ
dt



ψ

d|ψi
dhψ|
hψ| + |ψi
dt
dt


(B.13)

From the Schrödinger’s equation we know that,

i~

d|ψi
= H|ψi.
dt

(B.14)

Taking the complex conjugate of Eq. (B.14),

−i~

dhψ|
= Hhψ|.
dt

(B.15)

By substituting Eqs. (B.14), and (B.15) in Eq. (B.13),


X
dρ
iH
iH
=−
Pψ
|ψihψ| − |ψi hψ|
dt
~
~
ψ


X
dρ
i X
=−
H
Pψ |ψihψ| −
Pψ |ψihψ|H 
dt
~
ψ

dρ
i
= − [H, ρ]
dt
~
which

gives :
i~

dρ
= [H, ρ].
dt

This relation is known as the Liouville equation.
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By calculating [H,ρ], one can obtain the time dynamics of the system using Eqs. (B.4)
and (B.12), with ω0 = ωb − ωa , being the “natural” two-level resonance frequency.

[H, ρ] =



 
I
~ω0 (Sz + ) − µE(S+ + S− ) , hS+ iS− + hS− iS+ + 2hSz iSz
2


(B.17)




[H, ρ] = ~ω0 [Sz , S− ]hS+ i + [Sz , S+ ]hS− i + 2[Sz , Sz ]hSz i − µE [S+ , S− ]hS+ i
 (B.18)
+ [S+ , S+ ]hS− i + 2[S+ , Sz ]hSz i + [S− , S− ]hS+ i + [S− , S+ ]hS− i + 2[S− , Sz ]hSz i
Based on the commutative relations in Eq. (B.2),

[H, ρ] = −~ω0 hS+ iS− −hS− iS+





−µE 2hS+ iSz −2hSz iS+ −2hS− iSz +2hSz iS− (B.19)

Substitute Eq. (B.19) in Eq. (B.16)

i~







dρ
= S− −~ω0 hS+ i−2µEhSz i +S+ ~ω0 hS− i+2µEhSz i +Sz −2µEhS+ i+2µEhS− i
dt
(B.20)

Substitute Eq. (B.12) in Eq. (B.20) results in,




d
hS+ iS− + hS− iS+ + 2hSz iSz = S− − ~ω0 hS+ i − 2µEhSz i
i~
dt




+ S+ ~ω0 hS− i + 2µEhSz i + Sz − 2µEhS+ i + 2µEhS− i .
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B.4

Equations of Motion

General form of the optical Bloch equations can be obtained by equating the coefficients
of S− , S+ , and Sz in Eq. (B.21),
dhS− i
= ~ω0 hS− i + 2µEhSz i,
dt
dhS+ i
i~
= −~ω0 hS+ i − 2µEhSz i,
dt
dhSz i
= −2µEhS+ i + 2µEhS− i,
2i~
dt

 
2µE
hS− i   −iω0 0 − i~   hS− i

 
2µE  
 0
=
iω
hS+ i 
0
  hS+ i
 
i~

 
µE
µE
0
hSz i
hSz i
− i~
i~
i~



d 

dt 


B.5

(B.22)




.



(B.23)

Inclusion of Spontaneous Emission

The density matrix of an ideal two-level system under an external field E is given by
Eq. (B.21). The contribution from the radiative decay can be included to the density
matrix via Lindblad term [38]. Therefore, the updated density matrix of the system is
governed by the following master equation,
1
κ
dρ
= [H, ρ] − [S+ S− ρ − S− ρS+ + ρS+ S− ],
dt
i~
2

(B.24)

where κ is the decay rate of the two-level system. We can split Eq. (B.24) as follows,
dρ
=
dt
where





dρ
dt 0

=

1
i~ [H, ρ]

and







dρ
dt decay

dρ
dt




+

0

dρ
dt


,
decay

= − κ2 [S+ S− ρ − S− ρS+ + ρS+ S− ].
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The decay terms in Eq. (B.24) can be calculated as,



1
I
+ hSz i ,
S+ S− ρ = hS− iS+ + Sz +
2
2



1
I
S− ρS+ = hSz i +
− Sz ,
2
2

(B.26)

and



1
I
ρS+ S− = hS+ iS− + hSz i +
+ Sz .
2
2
Therefore, Eq. (B.24) can be rewritten as,



 


dρ
1
κ
I
1
1
I
= [H, ρ] −
hS− iS+ + Sz +
+ hSz i − hSz i +
− Sz
dt
i~
2
2
2
2
2



1
I
+ hS+ iS− + hSz i +
+ Sz
2
2

(B.27)

Finally, we can rewrite the equations of motion in Eq. (B.21) with radiative decay
coefficients,






 hS− i   −(iω0 −
 
d 
 hS i  = 
0
+
 
dt 

 
− µE
hSz i
i~

κ
2)

0

− 2µE
i~

(iω0 + κ2 )

2µE
i~

µE
i~

−κ
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  hS− i   0 


 
  hS i  +  0  .
+


 


 
κ
hSz i
−2

(B.28)

Appendix C Optical Bloch Equations in the Presence of an External Bichromatic Field
Here, we have considered a special case where the external field (E) consists of two
coherent fields with different frequencies and different amplitudes, such that the applied
field can be written as,
1
E(t) = (E1 e−iω1 t + E2 e−iω2 t ) + c.c.
2

(C.1)

where ω1 and ω2 are the frequencies of the two coherent fields, and E1 and E2 are its
amplitudes (time independent), respectively. By substituting Eq. (C.1) in Eq. (B.28),
we can obtain the equations of motion for a near-resonantly driven (bichromatic field)
two-level system as;



hS
i
 − 

d 
 hS i  =
+ 

dt 

hSz i





 −(iω0 + κ2 )













0








e−iω1 t
 − µE12i~


 − µE2 e−iω2 t
2i~


 − µE1∗ ei(ω1 t

2i~

µE2∗ eiω2 t
− 2i~



0

−iω1 t
− µE1 ei~


 µE e−iω2 t
 − 2

i~

µE1∗ eiω1 t

 − i~

µE ∗ eiω2 t
− 2i~












 µE e−iω2 t
 + 2

i~

µE1∗ eiω1 t

 + i~

µE ∗ e−iω2 t
+ 2 i~










µE1 e−iω1 t
i~

iω0 −

κ
2

µE1 e−iω1 t
2i~
−iω2 t

e
+ µE22i~

µE ∗ eiω1 t
+ 12i~

+

 

−κ

µE2∗ eiω2 t
2i~
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 hS− i
0
 


 


  hS i  +  0  .
 +  


 



hSz i
− κ2














(C.2)
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We then transform the equations of motion in Eq. (C.2) into a frame rotating with
average frequency ωs = (ω1 + ω2 )/2 [59–62]. For this purpose, we define a new vector
X(t) = (X1 (t), X2 (t), X3 (t)) with X1 (t) = hS− eiωs t i, X2 (t) = hS+ e−iωs t i, X3 (t) = hSz i.
Let’s consider the first equation in Eq. (C.2),


dhS− i
κ
hS− i
= − iω0 −
dt
2


µ
−iω1 t
∗ iω1 t
−iω2 t
∗ iω2 t
− hSz i E1 e
.
+ E1 e
+ E2 e
+ E2 e
i~

(C.3)

Multiplication of Eq. (C.3) by eiωs t results in,


dX1
κ
= − iω0 + iωs −
X1 −
dt
2


µ
X3 E1 e−i(ω1 t−ωs t) + E1∗ ei(ω1 t+ωs t) + E2 e−i(ω2 t−ωs t) + E2∗ ei(ω2 t+ωs t) .
i~

(C.4)

In the “rotating-wave” approximation, rapidly varying terms ei(ω1 t+ωs t) and ei(ω2 t+ωs t) are
neglected and Eq. (C.4) can be expressed as,
dX1
=
dt






κ
µE1 −i(ω1 t−ωs t) µE1 −i(ω2 t−ωs t)
− i(ω0 − ωs ) −
X1 + iX3
e
+
e
.
2
~
~

(C.5)

which gives:
dX1
=
dt






κ
iδt
iδt
− i∆ −
X1 + iX3 Ω1 e + Ω2 e
.
2

(C.6)

The two applied-field detunings from resonance consider as δ1 = ω0 − ω1 and δ2 = ω0 + ω2
and their frequency difference is 2δ = ω2 − ω1 . The average detuning is ∆ = ω0 − ωs and
Ω1 and Ω2 (ωi =

µEi
~ )

are the Rabi frequencies associated with the interaction of each field

with the |0i → |1i dipole transition.
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Similarly, we can show that,




dX2
Γ
iδt
iδt
X2 − iX3 Ω1 e + Ω2 e
= − i∆ −
dt
2




dX3
Γ
−iδt
iδt
i(δt)
−iδt
X2 − ΓX3 −
= i Ω1 e
+ Ω2 e
X1 − i Ω1 e
+ Ω2 e
dt
2

(C.7)

In general, φ1 and φ2 can have arbitrary values. By selecting φ1 = φ2 = π2 , the optical
Bloch equations of a two-level system under two near-resonant fields can be written in a
closed as,
dX(t)
= A(t)X(t) + v,
dt

(C.8)

where X(t) = (X1 (t), X2 (t), X3 (t)) with X1 (t) = hS− eiωs t i, X2 (t) = hS+ e−iωs t i, X3 (t) =
hSz i,



A(t) = 




Ω1 eiδt + Ω2 e−iδt 

0
− 21 κ + i∆
Ω1 e−iδt + Ω2 eiδt 
,

−κ
− 21 (Ω1 e−iδt + Ω2 eiδt ) − 12 (Ω1 eiδt + Ω2 e−iδt )
− 21 κ − i∆

0

and v = (0, 0, κ2 ).
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